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Abstract

In this paper we are concerned with the numerical analysis of the collocation method based on
graded meshes of second kind integral equations on the real line of the form

¢(s)ztp(s)-i-/K(s—t)z(Z)qb(t)dt, seR,
R

wherex € LIY(R), z € L®(R), andy € BC(R), the space of bounded continuous complex-valued
functions onR, are assumed known and the functipe BC(R) is to be determined. We introduce
some new graded meshes for the collocation method of the integral equation, which are different from
those used previously for the Wiener—Hopf integral equation in the case when the solution decays
exponentially at infinity, and establish optimal local and glabt-norm error estimates under the
condition that the solution decaynly polynomially at infinity.

0 2004 Elsevier Inc. All rights reserved.

1. Introduction

This paper is concerned with the numerical analysis of graded mesh methods for second
kind integral equations on the real line of the form
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q)(s):iﬁ(s)+/K(s—t)z(t)¢(t)dt, s eR, (1.1
R
wherex € L1(R), z € L®(R), andyr € BC(R), the space of bounded continuous complex-
valued functions orR, are assumed known. (We assume throughout ¢h#t0.) The
functiong € BC(R) is to be determined.
Equation (1.1) can be abbreviated in operator form as

d=v+Kzp)=¢ + K,¢, 1.2)
where the integral operatds : L°°(R) — BC(R) is defined by
K¢(s)=/x(s—t)¢(t)dt, s €R, (2.3)
R

and, forz € L*°(R), K, : L*(R) — BC(R) is defined byK,¢ = K (z¢) for ¢ € L*(R).
Throughout this paper we will assume that (1.1) is uniquely solvabBCG¢R) for every
¥ € BC(R), sothat(/ — K,)~1:BC(R) — BC(R) exists and is bounded. In fact, the unique
solvability of (1.1) has been studied previously in [12,16,17].|ef denote the norm of
a bounded operatdr: BC(R) — BC(RR) and, for some&) c C,

L2 :={z€ L®(R) | z(s) € Q for almost alls € R}.

Using this notation, the following theorem has been obtained [16].

Theorem 1.1.If Q ¢ Cis compactand convex andlif- K, : BC(R) — BC(R) is injective
forall z € L2, thenl — K_ is bijective for allz € L2 andsup ;o |(1 — K;) 7| < occ.

The numerical method proposed will be based on the finite section approximation of
(1.1) by

A
846 =V )+ [ k6= D2@adr, s R (1.4)
—A
for someA > 0, which can be rewritten in operator form as
da=Y + K a0a. (1.5)
where the operatdk, 4 is defined by
A
Keat®) = [ 6= nz0pdr, sek (1.6)
—A

The following theorem, which ensures the stability of the finite section approximation
(1.4), has been obtained in [12, Theorem 4.5].

Theorem 1.2. If 0 ¢ Cis compactand convex andlif- K, : BC(R) — BC(R) is injective
for all z € LC, then, for somedg > 0, I — K, 4 :BC(R) — BC(R) is bijective for all
A > Agandz e L2, with

Cii= sup | —-K. 0 <oo. (1.7)
zeL2, A>Ag
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The convergence analysis of the finite section approximation and the graded mesh meth-
ods will depend crucially on the asymptotic behaviour at infinity of solutions of Eq. (1.1).
Fora > 0, let X, denote the weighted space of continuous functions defined by

Xq = [{¢ €BCR) | ¢(s) = O(Is|™). Is| — oo}

with the norm|| - ||x,, defined by|l¢|lx, = lpwqllLe, wherew,(s) = (1 + |s|)¢, and
denote by||A| x, the norm of a bounded operatar. X, — X,. Then the following result,
generalising the results of [11-13,15], has been established in [4].

Theorem 1.3. Suppose € L! and« (s) = O(|s|~?) as|s| — oo, for someb > 1, Q c C
is compact and convex. Theh— K,)~1: X, — X, exists and is bounded for alle L2
with

sup| (I — Kz)*1||xa <00

zeL@

if and only if I — K. : BC(R) — BC(R) is injective for allz € L2.

The integral equation of the form (1.1) arises in the study of acoustic or electromagnetic
scattering by an impedance half-plane using the integral equation method (see, e.g., [12,
14,29]). For the integral equation obtained in [14,29] for the problem of scattering by an
impedance half-plane, Theorem 1.3 can be applied with3/2 under certain conditions
on the surface impedance [4].

In the special case when= x 0, iS the characteristic function of the half-1ii@, oo),

(1.1) becomes the Wiener—Hopf integral equation

]

#(s) =1ﬁ(s)+//c(s — e dt, seR, (1.8)
0

the numerical treatment of which has beenl@ly studied in the literature (see, e.g., [1-3,
9,19-21,24,26,27] and the references therein).

For the Wiener—Hopf case (1.8), as cited above, the literature is considerable and very
suitable numerical schemes have been proposed, but invariably for the case when the so-
lution ¢ decays exponentially at infinity. Then & appropriate in a piecewise polynomial
approximation tap to use a graded mesh with the spacing between mesh points increasing
with distance from the origin, and to aim to obtain, e.g., in the uniform norf®osv), an
optimal order of convergence as the number of degrees of freedom is increased [1,9,19,20,
24,26], even exponential convergence uging p methods [21].

However, as seen from Theorem 1.3, for problems wkegied s only decay polyno-
mially at infinity (for example, the acoustic or electromagnetic scattering problems) the
solution¢ of the integral equation (1.1) or the Wiener—Hopf integral equation (1.8) also
decays only polynomially at infinity. Thus it is eimportant to construct efficient and fast
graded meshes for the numerical computation of solutions of integral equations on the real
line with solutions decaying only polynomialbt infinity and to establish optimal orders
of convergence of the corresponding methods for integral equations on the real line. Our
main concern in this paper is to solve the integral equation (1.1) including the Wiener—
Hopf integral equation (1.8) in the case where both the kerreld the known functiomr
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only exhibit polynomial decay at infinity. Inegtion 3 we will introduce some new graded
meshes for the collocation method of (1.1) including the Wiener—Hopf case (1.8). These
graded meshes are different from those used previously for the Wiener—Hopf integral equa-
tion (1.8) in the case when the solution desayponentially at infinity. In Sections 4 and 5

we will establish optimal global.*°-norm error estimates for the case when the solution
decays only polynomially at infinity. For pracal computation inobtaining the approx-
imate solution in a finite interval, we introduce a new interval approximation scheme in
Section 6, which is proved to decrease gl points with increased accuracy. The opti-
mal localL®°-norm error estimate over the finite interval is also obtained again for the case
when the solution decays only polynomiallyigfinity. It should be remarked that a fast
two-grid piecewise constant collocation scheme on a uniform gril for solving (1.1) is
proposed recently in [18] in the case where thkison does not exhibit decay at infinity.

2. Numerical schemes

To solve (1.1) numerically, we first approximate it by the finite section equation (1.4).
Equation (1.4) is then discretised by a numerical method. In this paper we will consider
the collocation method based on graded meshes.

Let IT,, denote the mesh partition of the real lilReand IetSi"l.) (i=0,1,...) be the
nodes such that

—oo<o~<S81')<o~<S81)<S81)=0=S(()n)<S(n)<~~<Si(n)<o~<+oo,

wheren is a positive integer. Se}"” = [s{", 571, 1" = [S(”()Hrl), s™7 and leth!) =
|Sﬂ

L i+1), Sjt”l.)| be the step Ien_gth_ of the sub-mterv@l@,‘?. Denotg by, (IT,) the space of
piecewise polynomials off,, with indexr > 1 and with polynomials of degree not greater
thanr — 1 on each sub-intervaf” .

Let{&; | 1< j < r} be the basic quadrature nodes with

0<é <t <o < <1

and IetSil) be the nodes for the polynomial function of degree 1 on eachl(") with

SW = 5" +&h", j =12....n

() ( ;
S—nu_Sanrl)'i'SJ _l, j=12,...,r

Let P, :BC(R) — V,(II,) be the interpolation projection operator defined as follows:

(Pyv)(s) = Zlg’),(s)u (s$9). serf) i=012... (2.1)
j=1

for v e BC(R), where
r (n)
l(n) (S) l_[ ( S:I:tk)

+ij (m) (m)
k=1, k#j (S:I:t/ S:I:tk)
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are the Lagrangian basis functions. Thendiserete scheme for (1.4) can be defined as
Ay
Gn(s) =¥ (s) + f k(s —0)z(1) Papy (1) dt, (2.2)
—A,
where A, > 0 with A, — +o00 asn — oo; it is defined and analyzed in the following
sections. Equation (2.2) can be rewritten in the operator form

(bn :w‘f‘Kz,AnPn(bno (23)

Remark 2.1. Equation (2.2) will be solved first at the collocation nodg,%. to get the val-

ues of¢,,(Si’%) fori=0,1,2,...andj =1, 2,...,r. These values will then be substituted
back in (2.2) to obtain the numerical solutigp(s) for s € R.

Itis expected that if the appropriate knowledge of the asymptotic behavior at infinity of
¢ is available, then the following optimal error estimate holds:

¢ — @ullLow = O0(n~"). (2.4)
This is the optimal result for second-kind integral equations in the case with compact oper-
ators ifh = 1/n (see [5,8]). This result was also proved for the half-line case with graded
meshes under the assumption that the solugion is exponentially decay at infinity (see,
e.g., [1,9]). In this paper, we only assume that the solutién is polynomially decay at
infinity:

o)~ 0(IsI"?), 0<i<r, s— oo

for somep > 0, wherep”) (s) denotes théth order derivative of (s). It will be shown that
the optimal error estimate (2.4) remains true with a standard or uniform mesh and some
new graded meshes as defined in the next section.

We conclude this section withtimducing some function spaces. Fot 0 and a non-
negative integer define

BC, (R) := {w € C(R) ‘ vOecm), 0<i<r,

. )
1¥lac, = max o,y . < oo},

BC,,, (®):={w e C®) [y ec®), 0<i<r,

1¥lc;., = maxopry @ < oo},

0
wherew, (s) = (1+ |s|)? for s € R. We writeBC, (R) = BC) (R).

3. Partition meshes and their properties

In this section, we introduce several partition meshes and discuss their properties. To
this end let: be a positive integer.
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(I) The standard mestor uniform mesh/IT}: hi’i) =h=1/nand

() (n) (n) (n) (n) 0 (n) .
So =0, Sl.+1=Sl. +hi , Sf(iJrl):S_i—h_i, i=12,....

Il) The iterative graded mesfii: A% = h = 1/n, S =0, and
n 0 0
(n) (n) |\q+i (n) (n) (n) :
hini_h(l |Sﬂznz|)i S:I:n(i-i-l)_siniihini’ i=01,...,

wheregy; > 0 are given constants.
(1) The exponentially graded mesly :

s =ellem 1 W= g™ i=01,...,

wherea > 0 is a given constant.
(IV) The polynomially graded mesif; :

: q
Sf")=<1+l—> -1, sW=—s" i=01,...,
qon

whereg > 1 andx > 0 are given constants.

Remark 3.1. There is a very large literature onagted mesh methodsd approximations

(see, e.g., [1,6-10,19,20,22-26,28,30,31] and the references quoted there). In order to ob-
tain an optimal piecewise polynomial approximationtoy > 0, on[0, 1], Rice [28] first
introduced the graded mesh

i q
&':(—) . i:O,l,...,n, (31)
n

whereqg > 1 is called thggrading exponentThe underlying idea of these graded meshes

is that asq increases, more mesh points aragad near 0 so functions with singulari-

ties at O can be better approximated with the appropriate grading exppnkntact, in

[28] it is shown, for O< y < 1, thats? for s € [0, 1] is optimally approximated iri.?

norm, using piecewise polynomials of degree on the graded mesh (3.1), by taking=
(3+2v)/(1+2y). This type of graded meshes was used to obtain optimal orders of conver-
gence in [8,31] for product integration methods for weakly singular integral equations of
the second kind with compact integral operators and in [10,22,25] (see also [8]) for colloca-
tion methods for a class of second-kind integral equations in which the integral operator is
not compact. For the application of this type of graded meshes to boundary integral equa-
tions on domains with corners see, e.g., [6-8,10,23,25] and the references quoted there.
For integral equations of the second kind on th#-tine including the Wiener—Hopf equa-

tions optimal orders of convergence (similar to (2.4)) have been obtained in [1,9,19,20,24,
26,30] for collocation and quadrature methods in the case when the solution is assumed to
be exponential decay at infinity, by using the graded meshes of the following type:

r m
i=—In| ——), i=12,...,n, 3.2
5 7 <m+1—i) ! " (3.2)

wherem > n. Such a mesh is referred to agrau)-graded mesh in [1,9,10,25]. The un-
derlying idea of &r, u)-graded mesh is that agu increases, more mesh points are placed
further froms = 0, and solutions with slower decayat can be better approximated.



488 D. Liang, B. Zhang / J. Math. Anal. Appl. 294 (2004) 482-502

Remark 3.2.

(i) Our polynomially graded mesH,/ has a similar order form with (3.1). However, the
new polynomially graded mesdl! in this paper is designed for integral equations on
the real line, in which the indexwill reachm (n) ~ gan'*"/(?49) The corresponding
theoretical analysis of the optimal error estimates is shown in the following sections,
employing a technique which is different from those used previously. Moreover, as
shown in Theorem 4.4 and discussed in Remark 4.2 below, the polynomially graded
mesh/IT/ is efficient for integral equations on the real line.

(ii) The iterative graded mesiT; and the exponentially graded me&t§ are both new.

(iii) Compared with (3.2)the exponentially graded megh has much less mesh points
further away from 0. This will save much computation time in use for unbounded
domain computation problems. Moreover, the optimal order of approximation is true
for solutions decaying only polynomialbt infinity, as seen from Lemma 3.3 below.
The results obtained in this paper do najuie the solution to decay exponentially at
infinity. The exponential decay at infinity of the solution was, however, required for
the mesh (3.2) in the previous papers.

Lemma3.1. Lethg”) = S,.(_’ﬁ)l - S,.("). Then
1

hl(n) <=

an
for the case of exponentially graded mdsh and

(1+87)., i=01,... (3.3)

1 4,1
A< —gl7t i=01,... 3.4
i an Sz+l i ( )
for the case of polynomially graded me&tf, whereg > 1 and&; 1 =1+ (i + 1)/ (gan).

Proof. For the exponentially graded mesly it follows by applying the Taylor theorem
to the functiong(s) = ¢* — 1 that

(n) _ (n)_ (n) _ i+1_L / _i/
hi”=81—5"= ( o Om)g &)= g &),
where
i i+1
— <E< .
oan oan
The inequality (3.3) then follows easily on noting the fact tha) = ¢* is an increasing
function.

Similarly, applying the Taylor theorem {d + 5)7, it follows that for the polynomially
graded mesH1,

(n) _ o) () _ &9 q 1 q-1
him =831 =8 =8 —§& <&

where use has been made of the fact that s)?~1 is an increasing function of > 0 if
g = 1. The proof is thus complete.C
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We now study the approximation properties of the interpolation projection opatator
defined in Section 2 with the above meshes. We first have the following general result
on the interpolation approximation error estimateRyfwhich follows from the general
interpolation approximation theory.

Lemma 3.2. Let P, be the interpolation projective operator defined (@.1). If ¢ €
W (R), then

[Po = D oo g0, < Ma ()| |y 0<I<ri=01... (35)

Applying Lemma 3.2 to the graded mesh@&$, I1¢, andIT), we have the following
interpolation approximation error estimates for the above graded meshes.

Lemma 3.3.

(i) If, for 0< 1 <r, ¢ € BC,(R) for somep > 0, then for the iterative graded mesh
I} with 0 < g4+; < p/r we have

(P — Do L) < Mon™" ||| 8, (1) i=01,..., (3.6)

where M> is a positive constant independentiofi, and ¢ (s). Further, if, for 0 <
1<r,¢? e BC,1(R) for somep > 0, then for the iterative graded megi with
0< g+ < p/r +1we have

[ = D gy < Man™ [ ¢ | g o). i=0.1... 3.7)

whereMs3 is independent of, i, and¢ (s).
(i) If, for 0< 1< r, ¢ € BC,(R) for somep > r, then for the exponentially graded
mesh/T we have

[Pa = D@ g0y < Matrn™ 67 |ge o), =01, (3.8)

where My() is independent of, i, and ¢(s). Further, if, for0 < <r, ¢® ¢
BC,+:(R), then for the exponentially graded me&tf the estimatg3.7) holds for
al p > 0.

(iiiy If, for 0< 1< r, ¢ € BC,(R) for 0 < p < r, then for the polynomially graded
mesh/T} with 1 < ¢ < r/(r — p) the estimaté3.8) holds. Further, if, for0 <1 < r,
¢V € BC,1(R) for p > 0, then for the polynomially graded mesH’ the estimate
(3.7)holds for allg > 1.

Proof. (i) From the definition of the iterative graded me&H it follows that
: 1
S

So by Lemma 3.2 it is easy to see that
|(Pn = Do Loo(1y S Ml(hgi))r(l"‘ |S§:i)|)7p qu(r) | BC, (1)

< Mlhr (1 + |S:(|:ll) |)rq:ti*17 qu(r) || BCP(Iil-)).
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The estimate (3.6) then follows by noting thakQy+; < p/r. The estimate (3.7) can be
derived similarly.
(i) From Lemma 3.2 together with (3.3) it follows that

(P = Do L") < Ml(hgi))r(l"' Si(n))_p H‘b(r) ”cp(/i”,’)

1

< Mlarnr

(1+857)" (2+5") "6 8, (1)

Since, by the definition ofite exponentially graded medii¢ and noting thafp > r, we
have

(1450 (14 5)

N

(n)
<1+ Si+l)r(1+ S_(n))r—l’
1+ S,'(n) i

< o+ =i/ < jr/a
forall n > 1, then the estimate (3.8) follows witlfs = M1’/ /" .

The second conclusion can be shown similarly.
(iif) From Lemma 3.2 in conjunction with (3.4) it is easy to see thatjfor 1,

[ = D ooy, < Ma(h”) (14 57) "¢ [, )

1 g-vr

S Mlarnr gi-i—l (1+ Si(n))_p||¢(r) H BCp(Ii(n))’ (39)

whereg; = 1+ i/(gan). By the definition ofs™ it follows that

@—Dr v (E+1\ Y r—ap
£V (1+85M) T = . 3 . (3.10)
1

Since 1< ¢ < r/(r — p), so(g —1r > 0and(q — 1r — pg <0, thensl.("_l)r_”" <1 for
i=0,1,...and

1

—r i+1 . (g—1)r _
<;§l_+l>(q N :(14-:%7)(11 ib) :(1+ Jan )(q Dr
& 14+ L 1+

qon qan
1 \@Dr 1\ @-Dr
<(1+_> <(1+_) =C,
qon qo

for n > 1. Thus the required estimate (3.8) dslﬁ’) follows from (3.9) with M(«) =

M1Cy/a”. The result orfi'? can be derived similarly.
Arguing similarly as above we can prove the second conclusian.

Remark 3.3. The constaniM4(«) depends orx > 0 and may become very smalldf is
chosen to be very large. For simplicity,can be taken to be 1 in practical computation.
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4. Error estimatefor thecase ¢ (s) € BCZ(R)

In this section we will derive the error estimates fif° (R)-norm for the numerical
scheme (2.2) based on the new graded meshes introduced in the last section, under the
condition thaip e BCQ7 (R), whereg is the solution to the integral equation (1.1) or equiv-
alently (1.2).

We first consider the standard mesl.

Lemma 4.1. For the standard mesi}* we have

sup (I — K. aP) ™| =Co< o0 (4.1)
n>N,A>A0,ZeLQ

for sufficiently largeN > 0 and Ag > 0.

Proof. By the definition of/7* and P,, it is easy to verify tha®, satisfies AssumptioH
in[12, p. 526]. So, by [12, Theorem 4.9], (4.1) holds. This completes the praof.

Theorem 4.1. Let ¢,, be the approximation solution of the numerical schéth&)based
on the standard mesfiyy. Choosed,, = O(n'/?)in (2.2). Then there is a sufficiently large
N1 > 0such that fom > Ny,

I — pnllLoe = O(n™"). (4.2)
Proof. From (1.2) and (1.5) it is easy to derive that

(I = Kz,4,)(@ —da,) = (K;: — Kz,4,)0.
By Theorem 1.2, we have

sup | —K. 0 =Ci<o0
zeL2, A>Ag

for large Ag > 0. Thus, and sincd,, = O (n’/?), there is anV1 > 0 such that fon > Ny,
¢ — pa,llLom) < Ci||(Kz — Kz 4,)0| L®R)" (4.3)
Now by the definition of operatak; andK, 4, it follows that

H (KZ - KZ,AH )¢ H L>®(R)
_A)‘I

400
<Sup|:/|/c(s—t)z(t)¢(t)|dt+ / |K(s—t)z(t)¢(t)|dt:|
seR
An —00

<K sup |p)|=0(A+A)"P)=0(n""),
[t = Ay

SO

¢ — pa,llLom =0(n™"). (4.4)
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We now estimatgiga, — ¢nllLo®). From (1.5) and (2.3) it follows that
$a, —n = = Kz 4, P) " (Kza,(I = P)a, ), (4.5)
which together with Lemma 4.1 implies that
l¢a, — PnllLoc® < Co| Kz a,(I — P)da, | L)
< CO(” Kz, — Pn)¢HLOC(R)
+ | Kzeoa,(I — Po) (@ — $a,)

LOO(R)). (4.6)

From (4.6) and making use of (4.4) and Lemma 3.2, we obtain, on notingiﬁa& h=
1/n, that

pa, — PnllLomw =0(n™"). (4.7)

Combining (4.4) and (4.7) leads to the required result (4.2). The theorem is thus
proved. O

We now consider the iterative graded me3f. Take A, = n’/? in (2.2). Denote by
m(n) — 1 the index of the largest nocﬁf) in (—A,, A,) satisfying thats™ = > A, >

(n)—1 m(n) =
(n) (n) _
Sm(ny—1 and IetSim(n) =+A,.

Lemma4.2. LetA, =n"/P anng’;(n) =+A,. Let
In
0<g+i < max((l —el a- 8*)7’1@))
r In(L+ 1))

fori =0,1,...,m(n) — 1, wherem(n) is as defined ab_ove and and&™* are two small
positive constants. Then for the iterative graded mEgtthere is an integeiV> > 0 such
that forn > N>,

Sup || (I - KZ,An Pn)_1|| g CZ < 0. (48)
n>=Np,zeL?

Proof. Note first that
_ -1
(I = Ko, P) P =[1— Kea, + (Ko a, — Koa, PO Kz, Pa]
(I — KA, + Kz a,Pn).
SinceK; 4, and P, are uniformly bounded, we only need to show that

sup | (I — Ko a, + (Ko.a, — Kooay POKoa, Po) | <M
n>Np

for sufficiently largeN, > 0 and allz € L. To do so, by (4.3) we only need to prove that

)
sup|[(Kz, 4, — Kz.a, PO Ko a, Pa | < C—O
n>No 1

for some small G< §p < 1.

(4.9)
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For¢ € BC(R) + V, (1)), letp(s) = K. 4, Pa¢. Then
(n)

m(n)—1 i+1 r
5" [ w20 (o0 S uts)

i=0 5 j=1

|Kz.4,(I — P)g(s)] <

(n)
m(n)—1 S

> / K(s — 1)z(t) ((p(t) - 2;1‘1’}] (t)(p(S("i)j)> dt
iz

i=0 .
—(i+1)

+

S-(")

m(n)—1 i+l
<M Y |:a)((p, 1”,5™) / lic(s — 1)z(0)| dt
i=0 )
Si
5"
+ o(gp, If’?, 5(_”1?) / |ic(s — t)z(t)|dt:|,
%
(4.10)
wherea(i”i) < h(i"i) and
w(p, 1,8) =supf|e(s) — )| |s'.s €1, |s'—s| <8}
From the definition of the iterative graded mesh it follows that if
Inn

0<gui<(—e)——r,
In(1+ (S

theni ") = h(1+ 1S )%+ <=1 = h*" and, if 0< g4 < (1— **)p/r, then

B = (L |SE )" <h(L+ (S8 )T <h(L+n"/7)"

m
< hl*(r‘Ii)/P(l_i_ nfr/p)qi < 2n(rad/p < ope™
for sufficiently largen. Thus lettings ™ = max(h®”, 2h¢™), we have
o(p. 11 .88)) <ole. 11 .5)
and
All
|Koa, (I = P)o(s)| <M max (e, 17,5™) / lic(s — D)z(n)| dr
o<i<m(n)—-1
—Ay

(n) o)
<M|K max w(e,1./,8§"). 411
<MK _max e, 1£).5") (4.11)

Sincey(s) = K, 4, Pn¢, we have
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Ap
lo(s) — o(s)] < / (s’ — 1) — k(s — )| [2(0)| | Pl di

—An

< / k(s = 1) =1 (s = )] drlzl| Lo @) I Pall 9]l oo (R).-

—00

Thus, and sincdz||Lom) < M for all z € L2 and||P,|| < M for all n > 1, we obtain
from (4.11) that

+00
|Kza,(I — P)Ko 4, Pu|| <M sup lic(s" = 1) — ke (s — 1)| dt. (4.12)

|s"—s| <8
—o0

Sincex € L1(R), it holds that the right-hand side of the above inequality goes to zero if
8™ — 0. Nowe*, e** > 0 andh = 1/n s08™ — 0 asn — co. The inequality (4.9) thus
follows from (4.12). The lemma is thus provedo

Theorem 4.2. Let ¢, be the approximation solution of the numerical schgth&)based
on the iterative graded mesiT! with A, = n"/? and Sg’;(n) = +A, wherem(n) is as
defined above. Choosg.; so thatO < g+; < (1 — &*)p/r with ¢** > 0 being a small

constant. Then, for sufficiently large
¢ — ¢ullLom =0 (n™"). (4.13)
Proof. Similarly to the proof of Theorem 4.1, it can be deduced that

H (KZ - KZ,AH)QSHLOC(R)

—An

< sup|: / k(s — Dz()p ()| dt +

<Kl sup [p()]=0(A+ A" P)=0(n""),
[t1Z=An

so, by using (4.3), we have
¢ — da,llLew =0 (n™"). (4.14)
On the other hand, by (4.5) and Lemma 4.2, it is easy to see that
¢4, — @nllLo@) < C2||Kza,(I — Pi)da,|
< CZ[HKZ,A,, (I - Pn)¢ |L°°(R)

+[Kza, (I = Pi)@a, =) | oo )- (4.15)
Applying Lemma 3.3(i) and noting that9 ¢+; < p/r, we obtain that

L%(R)
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All
/|/<(s—t)z(t)(1—Pn)¢(t)|dt
—A,
UK = P)S| oo, a0
<

1Kl max (= P ooy = O(n")-

HKZ.,A,, (I - P")¢||L°°(R) =

L%(R)

This together with (4.14) and (4.15) implies that
lxa, —xnllLoo@ < O(n"). (4.16)

Combining (4.14) and (4.16) gives the required result (4.13). The proof is thus com-
plete. O

For p > r, we use the exponentially graded mdsh. TakeA, = n'/? in (2.2), denote
by m(n) — 1 the index of the largest node {r-4,, A,) satisfying thatS,(n”()n) >n'/P >
s , and lets™ ) =+A,. Note thate” /@) _ 1~ n"/P som(n) ~ anIn(m’/? +1).

m(n)— +m(n

Lemma4.3.1f p>r, A, =n"/P, and Sﬂ(n) = %A, with m(n) being defined as above,

then for the exponentially graded me&tj with « > 0in the casep > r ora > a9 > 01in
the casep = r for some largexg it holds that

sup (I — Ko a, P <C3< o0 (4.17)
n>N3, zeL2

for some sufficiently larg&/s > 0.

Proof. Similarly as in the proof of Lemma 4.1, it is enough to prove that for some $gall
with 0 < 89 < 1 there is either avz > 0 in the case > r or anag > 0 inthe casep =r
such that

5
| Keoa, (I = POKo o, Pl < C—‘i (4.18)

forall n > N3 and alla > 0 in the case > r or foralln > 1 and alle > «g in the case
=r.
g First, noting the definition ofd,,, m(n), and applying Lemma 3.1, we have that for
0<i<mmn) -1,
1
an
Thus, if p > r, then

= L agar).

h" < )—J

(1+ s

m(n)

< Lprip (g nrivy = 2,
on o

and if p =r, then
1+n <
an

(n)
hi’ <

QRIN
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Now for p > r let 8" = (2/a)n~=1"/P) and forp = r let 8" = 2/«. Then arguing in the
same way as in the proof of Lemma 4.1, it can be obtained that
+00
|Kza,(I — P))Ko 4, Pu|| <M sup k(s = 1) — k(s — )| dt.

|s"—s| <8
—00

From this and the definition & it follows that (4.18) is true. The lemma is thus proved
by noting the remark at the beginning of the proof:

Similar argument as in the proof of Theorem 4.2 using Lemmas 4.3 and 3.3(ii) leads to
the following theorem.

Theorem 4.3. Let p > r. Let ¢, be the approximation solution of the numerical scheme
(2.2)based on the exponentially graded méghwith o > «g for some largexg > in the

casep =r. LetA, =n"/P and Sﬁ:,;(n) =+A,, wherem(n) is the same as in Lemnd&a3.
Then, for sufficiently large,

¢ — ¢ullLoew = O (n™"). (4.19)

Now, for the case < r, we consider the polynomially graded meBtf. TakeA, =

n"/?in (2.2), letm(n) be the index of the node such ttﬁj‘()n) > A, > S,%)fl and choose
SU) oy = EAn. Note that(1+ m(n)/(gam))? — 1~ n"/? so

m(n) ~ gan((n/? + 1)Y4 = 1) ~ gan™*/PD  asp — oo,

In particular, ifg = r/(r — p) thenm(n) ~ gan’/?.

Lemma 4.4. Let p < r and letA, =n"/? and anl(n) = +A,. Then for the polynomially
graded mesh7! with 1 < ¢ <r/(r — p) it holds in the casd < ¢ < r/(r — p) that for

ala>0

sup || — Kea, P) 7 < Ca<oo (4.20)
n>=Ng,zeL?
for some sufficiently larg&/, > 0 or it holds in the casg = r/(r — p) that (4.20) is true
for all @ > oo with o9 > 0 large enough.

Proof. Similarly as in the proof of Lemma 4.1, it is enough to prove that for some small
8o with 0 < 8¢ < 1 there is either aw, > 0 inthe case X ¢ <r/(r — p) or anag > 0 in
the case; =r/(r — p) such that

S
HKz.,A,, - Pn)Kz,A,, Py H < C_(i)L (4.21)

foralln > Ngsand alle > 0 inthecase X g <r/(r — p) orforalln > 1 and alle > ag
inthe casey =r/(r — p).

Note first that from Lemma 3.1 and the definition 4§ andm(n) it follows that for
0<i<mmn) —1,
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1 .- 1 _

(@) 1 (g-1)/

hin < Esiqﬂ < E( i+l) ! .

where§; = 1+ i/(agn). By the definition ofSl.(”) in the polynomially graded mesh and
noting that 1< g <r/(r — p), we have that for & i <m(n) — 1,

1 g-1 1 g-1 1 r@-D =1
n) - — (n) = (TP - , —r/p
W< LSBT < w4 1) T < R (L)

r(g=1)
< 2,
o
Now let

s _ 2, -y

o

Then arguing in exactly the same way as in the proof of Lemma 4.1, it can be derived that
+00
| Kz, (I = P)K 4, Pal| <M sup (s — 1) — (s — 1) dr.

|s/—s| <8
-0

From this and the definition & it follows that (4.21) is true in both cases. Noting the
remark at the beginning of the proof completes the prodaf.

From Lemmas 4.4 and 3.3(iii) the following theorem can be easily obtained by arguing
similarly as in the proof of Theorem 4.2.

Theorem4.4.Let0 < p < r. Letg, be the approximation solution of the numerical scheme
(2.2) by using the polynomially graded me&H{’ with 1< ¢ <r/(r — p). Leta > ag for

some largexg > in the caseg = r/(r — p). TakeA, =n"/? and Sﬁ(n) = +A, where
m(n) is the same as in Lemn#4. Then, for sufficiently large,
¢ — @ullLoow =0 (n™"). (4.22)

Remark 4.1. For the case & p < r the best choice fof isr/(r — p) in the polynomially
graded mesHI, .

Remark 4.2. For the same level of accuracy the exponentially graded mgstequires

the least mesh points{(ar/p)nInn) to solve the numerical scheme (2.2) and the poly-
nomially graded mestI? needs the second least mesh pointsgfn’™"/(P9)), whilst

the uniform meshT* needs the most mesh points @n"/?+1). Thus, if the solutionp

of the integral equation (1.1) decays faster at infinity (eng3 r), then the exponentially
graded meslii¢ is the most efficient one among the four meshes. However, if the solution
¢ decays slower at infinity (e.gp, < r), then the polynomially graded mesly, will be a
better choice than the exponentially graded one though the exponentially graded mesh re-
quires much less mesh pointsdolve (2.2). This is becautiee exponentially graded mesh
has much less mesh points placed furtheayfrom O so solutions with slower decay at
infinity may not be better approximated compared with the polynomially graded mesh.
Similarly, if the solutiong decays very slow at infinity, then both the uniform mesh and
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the iteratively graded mesh may be more effective compared with the exponentially and
polynomially graded meshes.

5. Thecase ¢ € BCZH(R)

In this section we assume that the solutiprio the integral equation (1.1) or equiv-
alently (1.2) satisfies the conditighe BC, . (R) and establish, in this case, the error
estimates in.*° (R)-norm for the numerical scheme (2.2) based on the new graded meshes
introduced in Section 3.

Remark 5.1.If ¢ € BCQ,H (R), then Theorems 4.1-4.4 in Section 4 remain true. However,
we can further establish the following new results.

Theorem 5.1. Let¢ € BC,, . . (R) with p > 0 be the solution to the integral equati¢h.1)
or equivalently(1.2) and let¢, be the approximation solution of the numerical scheme
(2.2) by using the iterative graded mesiy, with A, = n’/? and Sﬂ(n) = +A, where
m(n) — 1 is the index of the largest node i*-A,, A,) satisfying thatS,%) > A, >

S,%)fl. Chooseyy; sothatfori =0,1,...,m(n) —1,

i 1—¢%In
O<qu < m'”[p—ﬂ, max((l— &)/, %)}
d In(1+ [S%)])

whereg*, ¢** > 0 are two small constants. Then, for sufficiently large

¢ — ¢ullLom =0 (™). (5.1)

Proof. From Lemmas 4.2 and 3.3(i) (cf. (3.7)) the result (5.1) can be shown in exactly the
same way as in the proof of Theorem 4.23

For 0< p < r we may also consider the composite graded mesh as defined in the fol-
lowing theorem for the numerical scheme (2.2).

Theorem 5.2. LetO< p <r. Letg¢ € BC;+,(R) be the solution to the integral equa-
tion (1.1) or equivalently(1.2) and let¢, be the approximation solution of the numerical

schemg(2.2) based on the composite graded megh:= n'/?, Sﬂ(n) = +A,, where
m(n) is the index of the node such thgj;’()n) > A, > Sr%)il, and using the exponen-
tially graded meshi7¢ in [—n,n] and using the polynomially graded megh with
1< g <r/(r — p)intheintervald—A,, —n] and[n, A, ]. Then, for sufficiently large,

¢ — ¢ullLoew) =0 (n™"). (5.2)
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Proof. From the proof of Theorems 4.1-4.4 it is clear that we only need to prove the
uniform boundedness ¢{7 — K, 4, P,) || for the composite graded mesh. Further, from
the proof of Lemmas 4.3—4.4 it is enough to show that for sufficiently large

S
HKz.,A,, - Pn)Kz,A,, Py H < C_(i)L (5.3)

for some small G< §g < 1.
In fact, arguing similarly as in deriving (4.11) (cf. the proof of Lemmas 4.3—4.4), we
have

|Kea, (I = Po(s)| < M[ max (e, 1%, 5™)

I:(g €[—n,n]
max w(p, 117, Sii?)],
1 e[~ Ay, —nlUln, Ay
where
50 3 s — En—(l_ r(rg;l))
% ’ kk
Ue Op

with o, being thex defined in the exponentially graded mesh apdeing thex defined in
the polynomially graded mesh. Noting thit]| ;o ®) < M for all z € L2 and||P,|| < M
for all n > 1 and using the fact thatd ¢ <r/(r — p) and O< p < r, we can find some
sufficiently largeN andag > 0 such that for alk > N and alla., o), > ag,

+00
|Kzn,(I = P)K: a, P < sup / lk(s"— 1) — k(s —1)|dt < ?
1

Is'—s|<max(s{" 8%)) 1

that s, (5.3) holds. The theorem is thus proved

6. Local error estimates

In this section we establish the local error estimpte- x, || L —4,4) for someA > 0.
In practical computatiortis expected that for giveA > 0, ||x — x, || (—4,4) Would be
very small. Throughout this section we assume that

(H) «(s) = O(s#) for somep > 1 ass — oc.

If (H) holds andg e BCQ,(R) for somep > 0, then by (1.2) and (1.5) it follows that

+00 —Ay

\(Kz—Kz,An)qb(s)\:‘ / (s — D20 (1) di + / (s — D20 (1) di

Ay —o0

= 0((1+ 4, —Is) " 4,7).
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ThusifA —1<60A, forsome 0< § < 1, then we have that fare [—A, A],

(K: = Kza)0()| = 0(45"7F),
which together with (4.3) implies that

1-B—
¢ — ¢, ll=q—a.ap = O(Az P 7).

Thus we conclude that if we only need to {jeét— ¢4, |20 (-4,4) = O(n™"), then we may
take A, = max(n’/(PTA=D (A —1)/6), which is much smaller than the choigg = n'/?
in the last section.

Theorem 6.1. Assume thafH) is satisfied and le$ € BC(R). Let ¢, be the approxi-
mation solution of the numerical schert®2) using the iterative graded mesmi,", with
0<gusi < p/r, Ay =max(n’/P+F=D (A —1)/6),andS{") = £A,, wherem(n) is the

+m(n
index of the node such tha "() > A, > s Then there is aVg > 0 such that for

all n > Ng =t

¢ — @ullLoe-a,ap = O(n™"). (6.1)
Proof. If,fori =0,1,...,m(n) —

O<qei<A—e")(p+B-1/r (6.2)

for some smalk™* > 0, then the theorem follows immediately from Theorem 4.2. Now,
since 0< g4; < p/r andp > 1, then it is easy to see that (6.2) is satisfied, which proves
the theorem. O

Applying Theorem 5.1, the following result can be easily obtained.

Theorem 6.2. Assume thafH) is satisfied and thap € BC,, ., (R). Let¢, be the approx-
imation solution of the numerical scher@2) using the iterative graded megdi with
Ap = maxn”/P+B=D (A —1)/0) and S = = +A,, wherem(n) is the same as in The-

+m(n)

orem6.1. Chooseyy; satisfying thatfoi =0,1,...,m®»n) —

p+ﬂ 1 . I ﬂ
1- (L=
X<( 4-e )In(1+|S§§?|)

for some smalt* > 0 ande** > 0. Then the local error estimatg.1) holds.

O0<g+i < min[

As an immediate consequence of Remark 5.1 and Theorems 4.3 and 4.4, we have the
following result.

Theorem 6.3. Assume thatH) is satisfied and thap € BC,_, (R). Letg, be the approxi-
mation solution of the numerical scher#2) using either the exponentially graded mesh
IT¢ in the case whep + g — 1 > r or the polynomially graded megdt/ in the case when
p+B—1<rwithl<g<r/lr—(p+p—1] LetA, =maxn/PtF-D (A —1)/6)

and an)l(n =+ A,, wherem(n) is the index of the node such thiﬁ‘() ) = An > Slif’()n) 1
Then the focal error estimat@.1) holds.
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Remark 6.1.

(i) Ifwe only need to gefl¢p — ¢, llLo—4,4) = O(n™"), then we may use a larger graded
mesh with a smaller number of grid points in practical computation.

(ii) In Theorem 6.3 for the casp + 8 — 1 < r we may also use the composite graded
mesh introduced as in Theorem 5.2.
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