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Abstract

In this paper we are concerned with the numerical analysis of the collocation method ba
graded meshes of second kind integral equations on the real line of the form

φ(s) = ψ(s) +
∫
R

κ(s − t)z(t)φ(t) dt, s ∈ R,

whereκ ∈ L1(R), z ∈ L∞(R), andψ ∈ BC(R), the space of bounded continuous complex-val
functions onR, are assumed known and the functionφ ∈ BC(R) is to be determined. We introduc
some new graded meshes for the collocation method of the integral equation, which are differe
those used previously for the Wiener–Hopf integral equation in the case when the solution
exponentially at infinity, and establish optimal local and globalL∞-norm error estimates under th
condition that the solution decays only polynomially at infinity.
 2004 Elsevier Inc. All rights reserved.

1. Introduction

This paper is concerned with the numerical analysis of graded mesh methods for
kind integral equations on the real line of the form
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φ(s) = ψ(s) +
∫
R

κ(s − t)z(t)φ(t) dt, s ∈ R, (1.1)

whereκ ∈ L1(R), z ∈ L∞(R), andψ ∈ BC(R), the space of bounded continuous compl
valued functions onR, are assumed known. (We assume throughout thatκ �≡ 0.) The
functionφ ∈ BC(R) is to be determined.

Equation (1.1) can be abbreviated in operator form as

φ = ψ + K(zφ) = ψ + Kzφ, (1.2)

where the integral operatorK :L∞(R) → BC(R) is defined by

Kφ(s) =
∫
R

κ(s − t)φ(t) dt, s ∈ R, (1.3)

and, forz ∈ L∞(R), Kz :L∞(R) → BC(R) is defined byKzφ = K(zφ) for φ ∈ L∞(R).
Throughout this paper we will assume that (1.1) is uniquely solvable inBC(R) for every
ψ ∈ BC(R), so that(I −Kz)

−1 : BC(R) → BC(R) exists and is bounded. In fact, the uniq
solvability of (1.1) has been studied previously in [12,16,17]. Let‖L‖ denote the norm o
a bounded operatorL : BC(R) → BC(R) and, for someQ ⊂ C,

LQ := {
z ∈ L∞(R)

∣∣ z(s) ∈ Q for almost alls ∈ R
}
.

Using this notation, the following theorem has been obtained [16].

Theorem 1.1. If Q ⊂ C is compact and convex and ifI −Kz : BC(R) → BC(R) is injective
for all z ∈ LQ, thenI − Kz is bijective for allz ∈ LQ andsupz∈LQ ‖(I − Kz)

−1‖ < ∞.

The numerical method proposed will be based on the finite section approximat
(1.1) by

φA(s) = ψ(s) +
A∫

−A

κ(s − t)z(t)φA(t) dt, s ∈ R (1.4)

for someA > 0, which can be rewritten in operator form as

φA = ψ + Kz,AφA, (1.5)

where the operatorKz,A is defined by

Kz,Aψ(s) =
A∫

−A

κ(s − t)z(t)ψ(t) dt, s ∈ R. (1.6)

The following theorem, which ensures the stability of the finite section approxim
(1.4), has been obtained in [12, Theorem 4.5].

Theorem 1.2. If Q ⊂ C is compact and convex and ifI −Kz : BC(R) → BC(R) is injective
for all z ∈ LQ, then, for someA0 � 0, I − Kz,A : BC(R) → BC(R) is bijective for all
A � A0 andz ∈ LQ, with

C1 := sup
Q

∥∥(I − Kz,A)−1
∥∥ < ∞. (1.7)
z∈L ,A�A0
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The convergence analysis of the finite section approximation and the graded mesh
ods will depend crucially on the asymptotic behaviour at infinity of solutions of Eq. (
Fora � 0, letXa denote the weighted space of continuous functions defined by

Xa := {
φ ∈ BC(R)

∣∣ φ(s) = O
(|s|−a

)
, |s| → ∞}

with the norm‖ · ‖Xa , defined by‖φ‖Xa = ‖φwa‖L∞ , wherewa(s) = (1 + |s|)a , and
denote by‖A‖Xa the norm of a bounded operatorA :Xa → Xa . Then the following result
generalising the results of [11–13,15], has been established in [4].

Theorem 1.3. Supposeκ ∈ L1 andκ(s) = O(|s|−b) as |s| → ∞, for someb > 1, Q ⊂ C

is compact and convex. Then(I − Kz)
−1 :Xa → Xa exists and is bounded for allz ∈ LQ

with

sup
z∈LQ

∥∥(I − Kz)
−1

∥∥
Xa

< ∞

if and only ifI − Kz : BC(R) → BC(R) is injective for allz ∈ LQ.

The integral equation of the form (1.1) arises in the study of acoustic or electroma
scattering by an impedance half-plane using the integral equation method (see, e.
14,29]). For the integral equation obtained in [14,29] for the problem of scattering b
impedance half-plane, Theorem 1.3 can be applied withb = 3/2 under certain condition
on the surface impedance [4].

In the special case whenz = χ(0,∞) is the characteristic function of the half-line(0,∞),
(1.1) becomes the Wiener–Hopf integral equation

φ(s) = ψ(s) +
∞∫

0

κ(s − t)φ(t) dt, s ∈ R, (1.8)

the numerical treatment of which has been widely studied in the literature (see, e.g., [1–
9,19–21,24,26,27] and the references therein).

For the Wiener–Hopf case (1.8), as cited above, the literature is considerable an
suitable numerical schemes have been proposed, but invariably for the case when
lution φ decays exponentially at infinity. Then it is appropriate in a piecewise polynom
approximation toφ to use a graded mesh with the spacing between mesh points incre
with distance from the origin, and to aim to obtain, e.g., in the uniform norm on[0,∞), an
optimal order of convergence as the number of degrees of freedom is increased [1,9
24,26], even exponential convergence usingh − p methods [21].

However, as seen from Theorem 1.3, for problems whereκ andψ only decay polyno-
mially at infinity (for example, the acoustic or electromagnetic scattering problems
solutionφ of the integral equation (1.1) or the Wiener–Hopf integral equation (1.8)
decays only polynomially at infinity. Thus it is very important to construct efficient and fa
graded meshes for the numerical computation of solutions of integral equations on t
line with solutions decaying only polynomiallyat infinity and to establish optimal orde
of convergence of the corresponding methods for integral equations on the real lin
main concern in this paper is to solve the integral equation (1.1) including the Wi
Hopf integral equation (1.8) in the case where both the kernelκ and the known functionψ
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only exhibit polynomial decay at infinity. In Section 3 we will introduce some new grad
meshes for the collocation method of (1.1) including the Wiener–Hopf case (1.8).
graded meshes are different from those used previously for the Wiener–Hopf integra
tion (1.8) in the case when the solution decays exponentially at infinity. In Sections 4 and
we will establish optimal globalL∞-norm error estimates for the case when the solu
decays only polynomially at infinity. For practical computation inobtaining the approx
imate solution in a finite interval, we introduce a new interval approximation schem
Section 6, which is proved to decrease thegrid points with increased accuracy. The op
mal localL∞-norm error estimate over the finite interval is also obtained again for the
when the solution decays only polynomially atinfinity. It should be remarked that a fa
two-grid piecewise constant collocation scheme on a uniform grid onR for solving (1.1) is
proposed recently in [18] in the case where the solution does not exhibit decay at infinity

2. Numerical schemes

To solve (1.1) numerically, we first approximate it by the finite section equation (
Equation (1.4) is then discretised by a numerical method. In this paper we will con
the collocation method based on graded meshes.

Let Πn denote the mesh partition of the real lineR and letS(n)
±i (i = 0,1, . . .) be the

nodes such that

−∞ < · · · < S
(n)
−i < · · · < S

(n)
−1 < S

(n)
−0 = 0= S

(n)
0 < S

(n)
1 < · · · < S

(n)
i < · · · < +∞,

wheren is a positive integer. SetI (n)
i = [S(n)

i , S
(n)
i+1], I

(n)
−i = [S(n)

−(i+1), S
(n)
−i ] and leth(n)

±i =
|Sn

±(i+1)
−S

(n)
±i | be the step length of the sub-intervalsI

(n)
±i . Denote byVr(Πn) the space o

piecewise polynomials onΠn with indexr � 1 and with polynomials of degree not grea
thanr − 1 on each sub-intervalI (n)

±i .
Let {ξj | 1 � j � r} be the basic quadrature nodes with

0 � ξ1 < ξ2 < · · · < ξr � 1

and letS(n)
±ij be the nodes for the polynomial function of degreer − 1 on eachI (n)

±i with

S
(n)
ij = S

(n)
i + ξjh

(n)
i , j = 1,2, . . . , r,

S
(n)
−ij = S

(n)
−(i+1) + ξj h

(n)
−i , j = 1,2, . . . , r.

Let Pn : BC(R) → Vr(Πn) be the interpolation projection operator defined as follow

(Pnv)(s) =
r∑

j=1

l
(n)
±ij (s)v

(
s
(n)
±ij

)
, s ∈ I

(n)
±i , i = 0,1,2, . . . (2.1)

for v ∈ BC(R), where

l
(n)
±ij (s) =

r∏ (
s − S

(n)
±ik

)
(
S

(n) − S
(n) )
k=1, k �=j ±ij ±ik
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φn(s) = ψ(s) +
An∫

−An

κ(s − t)z(t)Pnφn(t) dt, (2.2)

whereAn > 0 with An → +∞ asn → ∞; it is defined and analyzed in the followin
sections. Equation (2.2) can be rewritten in the operator form

φn = ψ + Kz,AnPnφn. (2.3)

Remark 2.1. Equation (2.2) will be solved first at the collocation nodesS
(n)
±ij to get the val-

ues ofφn(S
(n)
±ij ) for i = 0,1,2, . . . andj = 1,2, . . . , r. These values will then be substitut

back in (2.2) to obtain the numerical solutionφn(s) for s ∈ R.

It is expected that if the appropriate knowledge of the asymptotic behavior at infin
φ is available, then the following optimal error estimate holds:

‖φ − φn‖L∞(R) = O
(
n−r

)
. (2.4)

This is the optimal result for second-kind integral equations in the case with compac
ators ifh = 1/n (see [5,8]). This result was also proved for the half-line case with gr
meshes under the assumption that the solutionφ(s) is exponentially decay at infinity (se
e.g., [1,9]). In this paper, we only assume that the solutionφ(s) is polynomially decay a
infinity:

φ(l)(s) ≈ O
(|s|−p

)
, 0 � l � r, s → ±∞

for somep > 0, whereφ(l)(s) denotes thelth order derivative ofφ(s). It will be shown that
the optimal error estimate (2.4) remains true with a standard or uniform mesh and
new graded meshes as defined in the next section.

We conclude this section with introducing some function spaces. Forp > 0 and a non-
negative integerr define

BCr
p(R) :=

{
ψ ∈ C(R)

∣∣∣ ψ(l) ∈ C(R), 0 � l � r,

‖ψ‖BCr
p

:= max
0�l�r

∥∥ωpψ(l)
∥∥

L∞ < ∞
}
,

BCr
p+r (R) :=

{
ψ ∈ C(R)

∣∣∣ ψ(l) ∈ C(R), 0 � l � r,

‖ψ‖BCr
p+r

:= max
0�l�r

∥∥ωp+rψ
(l)

∥∥
L∞ < ∞

}
,

whereωp(s) = (1+ |s|)p for s ∈ R. We writeBCp(R) = BC0
p(R).

3. Partition meshes and their properties

In this section, we introduce several partition meshes and discuss their propert
this end letn be a positive integer.
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(I) The standard mesh(or uniform mesh) Πu
n : h

(n)
±i = h = 1/n and

S
(n)
0 = 0, S

(n)
i+1 = S

(n)
i + h

(n)
i , S

(n)
−(i+1) = S

(0)
−i − h

(n)
−i , i = 1,2, . . . .

(II) The iterative graded meshΠi
n: h

(n)
0 = h = 1/n, S

(n)
0 = 0, and

h
(n)
±i = h

(
1+ ∣∣S(n)

±i

∣∣)q±i , S
(n)
±(i+1) = S

(n)
±i ± h

(n)
±i , i = 0,1, . . . ,

whereq±i > 0 are given constants.
(III) The exponentially graded meshΠe

n :

S
(n)
i = ei/(αn) − 1, S

(n)
−i = −S

(n)
i , i = 0,1, . . . ,

whereα > 0 is a given constant.
(IV) The polynomially graded meshΠp

n :

S
(n)
i =

(
1+ i

qαn

)q

− 1, S
(n)
−i = −S

(n)
i , i = 0,1, . . . ,

whereq � 1 andα > 0 are given constants.

Remark 3.1. There is a very large literature on graded mesh methodsand approximation
(see, e.g., [1,6–10,19,20,22–26,28,30,31] and the references quoted there). In orde
tain an optimal piecewise polynomial approximation tosγ , γ > 0, on[0,1], Rice [28] first
introduced the graded mesh

ξi =
(

i

n

)q

, i = 0,1, . . . , n, (3.1)

whereq > 1 is called thegrading exponent. The underlying idea of these graded mes
is that asq increases, more mesh points are placed near 0 so functions with singula
ties at 0 can be better approximated with the appropriate grading exponentq . In fact, in
[28] it is shown, for 0< γ < 1, that sγ for s ∈ [0,1] is optimally approximated inL2

norm, using piecewise polynomials of degree� ν on the graded mesh (3.1), by takingq =
(3+2ν)/(1+2γ ). This type of graded meshes was used to obtain optimal orders of co
gence in [8,31] for product integration methods for weakly singular integral equatio
the second kind with compact integral operators and in [10,22,25] (see also [8]) for co
tion methods for a class of second-kind integral equations in which the integral oper
not compact. For the application of this type of graded meshes to boundary integra
tions on domains with corners see, e.g., [6–8,10,23,25] and the references quote
For integral equations of the second kind on the half-line including the Wiener–Hopf equa
tions optimal orders of convergence (similar to (2.4)) have been obtained in [1,9,19,
26,30] for collocation and quadrature methods in the case when the solution is assu
be exponential decay at infinity, by using the graded meshes of the following type:

si = r

µ
ln

(
m

m + 1− i

)
, i = 1,2, . . . , n, (3.2)

wherem � n. Such a mesh is referred to as a(r,µ)-graded mesh in [1,9,10,25]. The u
derlying idea of a(r,µ)-graded mesh is that asr/µ increases, more mesh points are pla
further froms = 0, and solutions with slower decay at∞ can be better approximated.
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Remark 3.2.

(i) Our polynomially graded meshΠp
n has a similar order form with (3.1). However, t

new polynomially graded meshΠp
n in this paper is designed for integral equations

the real line, in which the indexi will reachm(n) ≈ qαn1+r/(pq). The correspondin
theoretical analysis of the optimal error estimates is shown in the following sec
employing a technique which is different from those used previously. Moreove
shown in Theorem 4.4 and discussed in Remark 4.2 below, the polynomially g
meshΠp

n is efficient for integral equations on the real line.
(ii) The iterative graded meshΠi

n and the exponentially graded meshΠe
n are both new.

(iii) Compared with (3.2),the exponentially graded meshΠe
n has much less mesh poin

further away from 0. This will save much computation time in use for unboun
domain computation problems. Moreover, the optimal order of approximation is
for solutions decaying only polynomiallyat infinity, as seen from Lemma 3.3 belo
The results obtained in this paper do not require the solution to decay exponentially
infinity. The exponential decay at infinity of the solution was, however, require
the mesh (3.2) in the previous papers.

Lemma 3.1. Leth(n)
i = S

(n)
i+1 − S

(n)
i . Then

h
(n)
i � 1

αn

(
1+ S

(n)
i+1

)
, i = 0,1, . . . (3.3)

for the case of exponentially graded meshΠe
n and

h
(n)
i � 1

αn
ξ

q−1
i+1 , i = 0,1, . . . (3.4)

for the case of polynomially graded meshΠ
p
n , whereq � 1 andξi+1 = 1+ (i + 1)/(qαn).

Proof. For the exponentially graded meshΠe
n it follows by applying the Taylor theorem

to the functiong(s) = es − 1 that

h
(n)
i = S

(n)
i+1 − S

(n)
i =

(
i + 1

αn
− i

αn

)
g′(ξ) = 1

αn
g′(ξ),

where
i

αn
� ξ � i + 1

αn
.

The inequality (3.3) then follows easily on noting the fact thatg′(s) = es is an increasing
function.

Similarly, applying the Taylor theorem to(1+ s)q , it follows that for the polynomially
graded meshΠp

n ,

h
(n)
i = S

(n)
i+1 − S

(n)
i = ξ

q
i+1 − ξ

q
i � 1

αn
ξ

q−1
i+1 ,

where use has been made of the fact that(1 + s)q−1 is an increasing function ofs > 0 if
q � 1. The proof is thus complete.�
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We now study the approximation properties of the interpolation projection operatPn

defined in Section 2 with the above meshes. We first have the following general
on the interpolation approximation error estimate ofPn which follows from the genera
interpolation approximation theory.

Lemma 3.2. Let Pn be the interpolation projective operator defined in(2.1). If φ ∈
Wr,∞(R), then∥∥(Pn − I)φ

∥∥
L∞(I

(n)
±i )

� M1
(
h

(n)
±i

)l∥∥φ(l)
∥∥

L∞(I
(n)
±i )

, 0 � l � r, i = 0,1, . . . . (3.5)

Applying Lemma 3.2 to the graded meshesΠi
n, Πe

n , andΠ
p
n , we have the following

interpolation approximation error estimates for the above graded meshes.

Lemma 3.3.

(i) If, for 0 � l � r, φ(l) ∈ BCp(R) for somep > 0, then for the iterative graded mes
Πi

n with 0 < q±i � p/r we have∥∥(Pn − I)φ
∥∥

L∞(I
(n)
±i )

� M2n
−r

∥∥φ(r)
∥∥

BCp(I
(n)
±i )

, i = 0,1, . . . , (3.6)

whereM2 is a positive constant independent ofn, i, andφ(s). Further, if, for 0 �
l � r, φ(l) ∈ BCp+l (R) for somep > 0, then for the iterative graded meshΠi

n with
0 < q±i � p/r + 1 we have∥∥(Pn − I)φ

∥∥
L∞(I

(n)
±i )

� M3n
−r

∥∥φ(r)
∥∥

BCp+r (I
(n)
±i )

, i = 0,1, . . . , (3.7)

whereM3 is independent ofn, i, andφ(s).
(ii) If, for 0 � l � r, φ(l) ∈ BCp(R) for somep � r, then for the exponentially grade

meshΠe
n we have∥∥(Pn − I)φ

∥∥
L∞(I

(n)
±i )

� M4(α)n−r
∥∥φ(r)

∥∥
BCp(I

(n)
±i )

, i = 0,1, . . . , (3.8)

where M4(α) is independent ofn, i, and φ(s). Further, if, for 0 � l � r, φ(l) ∈
BCp+l (R), then for the exponentially graded meshΠe

n the estimate(3.7) holds for
all p > 0.

(iii) If, for 0 � l � r, φ(l) ∈ BCp(R) for 0 < p < r, then for the polynomially grade
meshΠp

n with 1 � q � r/(r − p) the estimate(3.8)holds. Further, if, for0 � l � r,
φ(l) ∈ BCp+l (R) for p > 0, then for the polynomially graded meshΠ

p
n the estimate

(3.7)holds for allq � 1.

Proof. (i) From the definition of the iterative graded meshΠi
n it follows that

h
(n)
±i = h

(
1+ ∣∣S(n)

±i

∣∣)q±i , h = 1

n
.

So by Lemma 3.2 it is easy to see that∥∥(Pn − I)φ
∥∥

L∞(I
(n)
±i )

� M1
(
h

(n)
±i

)r(1+ ∣∣S(n)
±i

∣∣)−p∥∥φ(r)
∥∥

BCp(I
(n)
±i )

� M1h
r
(
1+ ∣∣S(n)

±i

∣∣)rq±i−p∥∥φ(r)
∥∥

BC (I
(n)

)
.

p ±i
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e

.

The estimate (3.6) then follows by noting that 0< q±i � p/r. The estimate (3.7) can b
derived similarly.

(ii) From Lemma 3.2 together with (3.3) it follows that

∥∥(Pn − I)φ
∥∥

L∞(I
(n)
±i )

� M1
(
h

(n)
±i

)r(1+ S
(n)
i

)−p∥∥φ(r)
∥∥

Cp(I
(n)
±i )

� M1
1

αrnr

(
1+ S

(n)
i+1

)r(
1+ S

(n)
i

)−p∥∥φ(r)
∥∥

BCp(I
(n)
±i )

.

Since, by the definition of the exponentially graded meshΠe
n and noting thatp � r, we

have

(
1+ S

(n)
i+1

)r(1+ S
(n)
i

)−p �
(

1+ S
(n)
i+1

1+ S
(n)
i

)r(
1+ S

(n)
i

)r−p

� e((i+1)/(αn)−i/(αn))r � er/α

for all n � 1, then the estimate (3.8) follows withM3 = M1e
r/α/αr .

The second conclusion can be shown similarly.
(iii) From Lemma 3.2 in conjunction with (3.4) it is easy to see that forq � 1,

∥∥(Pn − I)φ
∥∥

L∞(I
(n)
i )

� M1
(
h

(n)
i

)r(
1+ S

(n)
i

)−p∥∥φr
∥∥

BCp(I
(n)
i )

� M1
1

αrnr
ξ

(q−1)r

i+1

(
1+ S

(n)
i

)−p∥∥φ(r)
∥∥

BCp(I
(n)
i )

, (3.9)

whereξi = 1+ i/(qαn). By the definition ofS(n)
i it follows that

ξ
(q−1)r
i+1

(
1+ S

(n)
i

)−p =
(

ξi+1

ξi

)(q−1)r

ξ
(q−1)r−qp
i . (3.10)

Since 1� q � r/(r − p), so(q − 1)r � 0 and(q − 1)r − pq � 0, thenξ
(q−1)r−pq
i � 1 for

i = 0,1, . . . and

(
ξi+1

ξi

)(q−1)r

=
(1+ i+1

qαn

1+ i
qαn

)(q−1)r

=
(

1+
1

qαn

1+ i
qαn

)(q−1)r

�
(

1+ 1

qαn

)(q−1)r

�
(

1+ 1

qα

)(q−1)r

:= Cα

for n � 1. Thus the required estimate (3.8) onI
(n)
i follows from (3.9) with M4(α) =

M1Cα/αr . The result onI (n)
−i can be derived similarly.

Arguing similarly as above we can prove the second conclusion.�
Remark 3.3. The constantM4(α) depends onα > 0 and may become very small ifα is
chosen to be very large. For simplicity,α can be taken to be 1 in practical computation
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4. Error estimate for the case φ(s) ∈ BCr
p(R)

In this section we will derive the error estimates inL∞(R)-norm for the numerica
scheme (2.2) based on the new graded meshes introduced in the last section, un
condition thatφ ∈ BCr

p(R), whereφ is the solution to the integral equation (1.1) or equ
alently (1.2).

We first consider the standard meshΠu
n .

Lemma 4.1. For the standard meshΠu
n we have

sup
n>N,A>A0,Z∈LQ

∥∥(I − Kz,APn)
−1

∥∥ = C0 < ∞ (4.1)

for sufficiently largeN > 0 andA0 > 0.

Proof. By the definition ofΠu
n andPn, it is easy to verify thatPn satisfies AssumptionA2

in [12, p. 526]. So, by [12, Theorem 4.9], (4.1) holds. This completes the proof.�
Theorem 4.1. Let φn be the approximation solution of the numerical scheme(2.2)based
on the standard meshΠu

n . ChooseAn = O(nr/p) in (2.2). Then there is a sufficiently larg
N1 > 0 such that forn > N1,

‖φ − φn‖L∞(R) = O
(
n−r

)
. (4.2)

Proof. From (1.2) and (1.5) it is easy to derive that

(I − Kz,An)(φ − φAn) = (Kz − Kz,An)φ.

By Theorem 1.2, we have

sup
z∈LQ,A�A0

∥∥(I − Kz,A)−1
∥∥ = C1 < ∞

for largeA0 > 0. Thus, and sinceAn = O(nr/p), there is anN1 > 0 such that forn > N1,

‖φ − φAn‖L∞(R) � C1
∥∥(Kz − Kz,An)φ

∥∥
L∞(R)

. (4.3)

Now by the definition of operatorKz andKz,An it follows that∥∥(Kz − Kz,An)φ
∥∥

L∞(R)

� sup
s∈R

[ +∞∫
An

∣∣κ(s − t)z(t)φ(t)
∣∣ dt +

−An∫
−∞

∣∣κ(s − t)z(t)φ(t)
∣∣ dt

]

� ‖Kz‖ sup
|t |�An

∣∣φ(t)
∣∣ = O

(
(1+ An)

−p
) = O

(
n−r

)
,

so

‖φ − φAn‖L∞(R) = O
(
n−r

)
. (4.4)
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thus

at
We now estimate‖φAn − φn‖L∞(R). From (1.5) and (2.3) it follows that

φAn − φn = (I − Kz,AnPn)
−1(Kz,An(I − Pn)φAn

)
, (4.5)

which together with Lemma 4.1 implies that

‖φAn − φn‖L∞(R) � C0
∥∥Kz,An(I − Pn)φAn

∥∥
L∞(R)

� C0
(∥∥Kz,An(I − Pn)φ

∥∥
L∞(R)

+ ∥∥Kz,An(I − Pn)(φ − φAn)
∥∥

L∞(R)

)
. (4.6)

From (4.6) and making use of (4.4) and Lemma 3.2, we obtain, on noting thath
(n)
±i = h =

1/n, that

‖φAn − φn‖L∞(R) = O
(
n−r

)
. (4.7)

Combining (4.4) and (4.7) leads to the required result (4.2). The theorem is
proved. �

We now consider the iterative graded meshΠi
n. TakeAn = nr/p in (2.2). Denote by

m(n) − 1 the index of the largest nodeS(n)
m(n)−1 in (−An,An) satisfying thatS(n)

m(n) � An >

S
(n)
m(n)−1 and letS(n)

±m(n) = ±An.

Lemma 4.2. LetAn = nr/p andS
(n)
±m(n) = ±An. Let

0 < q±i � max

(
(1− ε∗∗)p

r
, (1− ε∗) lnn

ln(1+ |S(n)
±i |)

)

for i = 0,1, . . . ,m(n) − 1, wherem(n) is as defined above andε∗ andε∗∗ are two small
positive constants. Then for the iterative graded meshΠi

n there is an integerN2 > 0 such
that forn > N2,

sup
n�N2, z∈LQ

∥∥(I − Kz,AnPn)
−1

∥∥ � C2 < ∞. (4.8)

Proof. Note first that

(I − Kz,AnPn)
−1 = [

I − Kz,An + (Kz,An − Kz,AnPn)Kz,AnPn

]−1

· (I − Kz,An + Kz,AnPn).

SinceKz,An andPn are uniformly bounded, we only need to show that

sup
n�N2

∥∥(
I − Kz,An + (Kz,An − Kz,AnPn)Kz,AnPn

)−1∥∥ � M

for sufficiently largeN2 > 0 and allz ∈ LQ. To do so, by (4.3) we only need to prove th

sup
n>N2

∥∥(Kz,An − Kz,AnPn)Kz,AnPn

∥∥ � δ0

C1
(4.9)

for some small 0< δ0 < 1.
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Forφ ∈ BC(R) + Vr(Π
i
n), let ϕ(s) = Kz,AnPnφ. Then

∣∣Kz,An(I − Pn)ϕ(s)
∣∣ �

∣∣∣∣∣
m(n)−1∑

i=0

S
(n)
i+1∫

S
(n)
i

κ(s − t)z(t)

(
ϕ(t) −

r∑
j=1

l
(n)
ij (t)ϕ

(
S

(n)
ij

))
dt

∣∣∣∣∣

+
∣∣∣∣∣
m(n)−1∑

i=0

S
(n)
−i∫

S
(n)
−(i+1)

κ(s − t)z(t)

(
ϕ(t) −

r∑
j=1

l
(n)
−ij (t)ϕ

(
S

(n)
−ij

))
dt

∣∣∣∣∣

� M

m(n)−1∑
i=0

[
ω

(
ϕ, I

(n)
i , δ

(n)
i

) S
(n)
i+1∫

S
(n)
i

∣∣κ(s − t)z(t)
∣∣dt

+ ω
(
ϕ, I

(n)
−i , δ

(n)
−i

) S
(n)
−i∫

S
(n)
−(i+1)

∣∣κ(s − t)z(t)
∣∣dt

]
,

(4.10)

whereδ
(n)
±i � h

(n)
±i and

ω(ϕ, I, δ) = sup
{∣∣ϕ(s′) − ϕ(s)

∣∣ ∣∣ s′, s ∈ I, |s′ − s| < δ
}
.

From the definition of the iterative graded mesh it follows that if

0 < q±i � (1− ε∗) lnn

ln(1+ |S(n)
±i |)

,

thenh
(n)
±i = h(1+ |S(n)

±i |)q±i � hh−1+ε∗ = hε∗
and, if 0< q±i � (1− ε∗∗)p/r, then

h
(n)
±i = h

(
1+ ∣∣S(n)

±i

∣∣)qi � h
(
1+ ∣∣S(n)

±m(n)

∣∣)qi � h
(
1+ nr/p

)qi

� h1−(rqi)/p
(
1+ n−r/p

)qi � 2h1−(rqi)/p � 2hε∗∗

for sufficiently largen. Thus lettingδ(n) = max(hε∗
,2hε∗∗

), we have

ω
(
ϕ, I

(n)
±i , δ

(n)
±i

)
� ω

(
ϕ, I

(n)
±i , δ(n)

)
and

∣∣Kz,An(I − Pn)ϕ(s)
∣∣ � M max

0�i�m(n)−1
ω

(
ϕ, I

(n)
±i , δ(n)

) An∫
−An

∣∣κ(s − t)z(t)
∣∣dt

� M‖Kz‖ max
0�i�m(n)−1

ω
(
ϕ, I

(n)
±i , δ(n)

)
. (4.11)

Sinceϕ(s) = Kz,AnPnφ, we have
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ro if
∣∣ϕ(s′) − ϕ(s)
∣∣ �

∣∣∣∣∣
An∫

−An

∣∣κ(s′ − t) − κ(s − t)
∣∣∣∣z(t)∣∣|Pnφ|dt

∣∣∣∣∣

�
+∞∫

−∞

∣∣κ(s′ − t) − κ(s − t)
∣∣ dt‖z‖L∞(R)‖Pn‖‖φ‖L∞(R).

Thus, and since‖z‖L∞(R) � M for all z ∈ LQ and‖Pn‖ � M for all n � 1, we obtain
from (4.11) that

∥∥Kz,An(I − Pn)Kz,AnPn

∥∥ � M sup
|s ′−s|<δ(n)

+∞∫
−∞

∣∣κ(s′ − t) − κ(s − t)
∣∣dt. (4.12)

Sinceκ ∈ L1(R), it holds that the right-hand side of the above inequality goes to ze
δ(n) → 0. Nowε∗, ε∗∗ > 0 andh = 1/n soδ(n) → 0 asn → ∞. The inequality (4.9) thus
follows from (4.12). The lemma is thus proved.�
Theorem 4.2. Let φn be the approximation solution of the numerical scheme(2.2)based
on the iterative graded meshΠi

n with An = nr/p and S
(n)
±m(n) = ±An wherem(n) is as

defined above. Chooseq±i so that0 < q±i � (1 − ε∗∗)p/r with ε∗∗ > 0 being a small
constant. Then, for sufficiently largen,

‖φ − φn‖L∞(R) = O
(
n−r

)
. (4.13)

Proof. Similarly to the proof of Theorem 4.1, it can be deduced that∥∥(Kz − Kz,An)φ
∥∥

L∞(R)

� sup
s∈R

[ +∞∫
An

∣∣κ(s − t)z(t)φ(t)
∣∣ dt +

−An∫
−∞

∣∣κ(s − t)z(t)φ(t)
∣∣ dt

]

� ‖Kz‖ sup
|t |�An

∣∣φ(t)
∣∣ = O

(
(1+ An)

−p
) = O

(
n−r

)
,

so, by using (4.3), we have

‖φ − φAn‖L∞(R) = O
(
n−r

)
. (4.14)

On the other hand, by (4.5) and Lemma 4.2, it is easy to see that

‖φAn − φn‖L∞(R) � C2
∥∥Kz,An(I − Pn)φAn

∥∥
L∞(R)

� C2
[∥∥Kz,An(I − Pn)φ

∥∥
L∞(R)

+ ∥∥Kz,An(I − Pn)(φAn − φ)
∥∥

L∞(R)

]
. (4.15)

Applying Lemma 3.3(i) and noting that 0< q±i < p/r, we obtain that
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com-
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ll

for
∥∥Kz,An(I − Pn)φ
∥∥

L∞(R)
=

∥∥∥∥∥
An∫

−An

∣∣κ(s − t)z(t)(I − Pn)φ(t)
∣∣ dt

∥∥∥∥∥
L∞(R)

� ‖Kz‖
∥∥(I − Pn)φ

∥∥
L∞([−An,An])

� ‖Kz‖ max
0�i�m(n)−1

∥∥(I − Pn)φ
∥∥

L∞(I
(n)
±i )

= O
(
n−r

)
.

This together with (4.14) and (4.15) implies that

‖xAn − xn‖L∞(R) � O
(
n−r

)
. (4.16)

Combining (4.14) and (4.16) gives the required result (4.13). The proof is thus
plete. �

For p � r, we use the exponentially graded meshΠe
n . TakeAn = nr/p in (2.2), denote

by m(n) − 1 the index of the largest node in(−An,An) satisfying thatS(n)
m(n) � nr/p >

S
(n)
m(n)−1 and letS(n)

±m(n) = ±An. Note thatem(n)/(αn) −1≈ nr/p som(n) ≈ αn ln(nr/p +1).

Lemma 4.3. If p � r, An = nr/p, andS
(n)
±m(n) = ±An with m(n) being defined as abov

then for the exponentially graded meshΠe
n with α > 0 in the casep > r or α � α0 > 0 in

the casep = r for some largeα0 it holds that

sup
n�N3, z∈LQ

∥∥(I − Kz,AnPn)
−1

∥∥ � C3 < ∞ (4.17)

for some sufficiently largeN3 > 0.

Proof. Similarly as in the proof of Lemma 4.1, it is enough to prove that for some smaδ0
with 0 < δ0 < 1 there is either anN3 > 0 in the casep > r or anα0 > 0 in the casep = r

such that∥∥Kz,An(I − Pn)Kz,AnPn

∥∥ � δ0

C1
(4.18)

for all n > N3 and allα > 0 in the casep > r or for all n � 1 and allα � α0 in the case
p = r.

First, noting the definition ofAn, m(n), and applying Lemma 3.1, we have that
0 � i � m(n) − 1,

h
(n)
i � 1

αn

(
1+ S

(n)
m(n)

) = 1

αn

(
1+ nr/p

)
.

Thus, ifp > r, then

h
(n)
i � 1

αn
nr/p

(
1+ n−r/p

) = 2

α
n−(1−r/p),

and ifp = r, then

h
(n)
i � 1+ n � 2

.

αn α
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ed

ads to

me

mall
Now for p > r let δ(n) = (2/α)n−(1−r/p) and forp = r let δ(n) = 2/α. Then arguing in the
same way as in the proof of Lemma 4.1, it can be obtained that

∥∥Kz,An(I − Pn)Kz,AnPn

∥∥ � M sup
|s ′−s|<δ(n)

+∞∫
−∞

∣∣κ(s′ − t) − κ(s − t)
∣∣dt.

From this and the definition ofδ(n) it follows that (4.18) is true. The lemma is thus prov
by noting the remark at the beginning of the proof.�

Similar argument as in the proof of Theorem 4.2 using Lemmas 4.3 and 3.3(ii) le
the following theorem.

Theorem 4.3. Let p � r. Let φn be the approximation solution of the numerical sche
(2.2)based on the exponentially graded meshΠe

n with α � α0 for some largeα0 > in the

casep = r. LetAn = nr/p andS
(n)
±m(n)

= ±An, wherem(n) is the same as in Lemma4.3.
Then, for sufficiently largen,

‖φ − φn‖L∞(R) = O
(
n−r

)
. (4.19)

Now, for the casep < r, we consider the polynomially graded meshΠ
p
n . TakeAn =

nr/p in (2.2), letm(n) be the index of the node such thatS
(n)
m(n) � An > S

(n)
m(n)−1 and choose

S
(n)
±m(n) = ±An. Note that(1+ m(n)/(qαn))q − 1 ≈ nr/p so

m(n) ≈ qαn
((

nr/p + 1
)1/q − 1

) ≈ qαn1+r/(pq) asn → ∞.

In particular, ifq = r/(r − p) thenm(n) ≈ qαnr/p.

Lemma 4.4. Let p < r and letAn = nr/p andS
(n)
±m(n) = ±An. Then for the polynomially

graded meshΠp
n with 1 � q � r/(r − p) it holds in the case1 � q < r/(r − p) that for

all α > 0

sup
n�N4, z∈LQ

∥∥(I − Kz,AnPn)
−1

∥∥ � C4 < ∞ (4.20)

for some sufficiently largeN4 > 0 or it holds in the caseq = r/(r − p) that (4.20) is true
for all α � α0 with α0 > 0 large enough.

Proof. Similarly as in the proof of Lemma 4.1, it is enough to prove that for some s
δ0 with 0 < δ0 < 1 there is either anN4 > 0 in the case 1� q < r/(r − p) or anα0 > 0 in
the caseq = r/(r − p) such that∥∥Kz,An(I − Pn)Kz,AnPn

∥∥ � δ0

C1
(4.21)

for all n > N4 and allα > 0 in the case 1� q < r/(r − p) or for all n � 1 and allα � α0
in the caseq = r/(r − p).

Note first that from Lemma 3.1 and the definition ofAn andm(n) it follows that for
0 � i � m(n) − 1,
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and
h
(n)
i � 1

αn
ξ

q−1
i+1 � 1

αn

(
ξ

q

i+1

)(q−1)/q
,

whereξi = 1 + i/(αqn). By the definition ofS(n)
i in the polynomially graded mesh an

noting that 1� q � r/(r − p), we have that for 0� i � m(n) − 1,

h
(n)
i � 1

αn

(
1+ S

(n)
i+1

) q−1
q � 1

αn

(
nr/p + 1

) q−1
q � 1

αn
n

r(q−1)
pq

(
1+ n−r/p

) (q−1)
q

� 2

α
n

−(1− r(q−1)
pq

)
.

Now let

δ(n) = 2

α
n

−(1− r(q−1)
pq

)
.

Then arguing in exactly the same way as in the proof of Lemma 4.1, it can be derive

∥∥Kz,An(I − Pn)Kz,AnPn

∥∥ � M sup
|s ′−s|<δ(n)

+∞∫
−∞

∣∣κ(s′ − t) − κ(s − t)
∣∣dt.

From this and the definition ofδ(n) it follows that (4.21) is true in both cases. Noting t
remark at the beginning of the proof completes the proof.�

From Lemmas 4.4 and 3.3(iii) the following theorem can be easily obtained by ar
similarly as in the proof of Theorem 4.2.

Theorem 4.4. Let0 < p < r. Letφn be the approximation solution of the numerical sche
(2.2)by using the polynomially graded meshΠ

p
n with 1 � q � r/(r − p). Letα � α0 for

some largeα0 > in the caseq = r/(r − p). TakeAn = nr/p and S
(n)
±m(n) = ±An where

m(n) is the same as in Lemma4.4. Then, for sufficiently largen,

‖φ − φn‖L∞(R) = O
(
n−r

)
. (4.22)

Remark 4.1. For the case 0< p < r the best choice forq is r/(r − p) in the polynomially
graded meshΠp

n .

Remark 4.2. For the same level of accuracy the exponentially graded meshΠe
n requires

the least mesh points (≈ (αr/p)n ln n) to solve the numerical scheme (2.2) and the po
nomially graded meshΠp

n needs the second least mesh points (≈ qαn1+r/(pq)), whilst
the uniform meshΠu

n needs the most mesh points (≈ 2nr/p+1). Thus, if the solutionφ
of the integral equation (1.1) decays faster at infinity (e.g.,p � r), then the exponentiall
graded meshΠe

n is the most efficient one among the four meshes. However, if the sol
φ decays slower at infinity (e.g.,p < r), then the polynomially graded meshΠ

p
n will be a

better choice than the exponentially graded one though the exponentially graded m
quires much less mesh points to solve (2.2). This is becausethe exponentially graded mes
has much less mesh points placed further away from 0 so solutions with slower decay
infinity may not be better approximated compared with the polynomially graded m
Similarly, if the solutionφ decays very slow at infinity, then both the uniform mesh
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the iteratively graded mesh may be more effective compared with the exponential
polynomially graded meshes.

5. The case φ ∈ BCr
p+r(R)

In this section we assume that the solutionφ to the integral equation (1.1) or equi
alently (1.2) satisfies the conditionφ ∈ BCr

p+r (R) and establish, in this case, the er
estimates inL∞(R)-norm for the numerical scheme (2.2) based on the new graded m
introduced in Section 3.

Remark 5.1. If φ ∈ BCr
p+r (R), then Theorems 4.1– 4.4 in Section 4 remain true. Howe

we can further establish the following new results.

Theorem 5.1. Letφ ∈ BCr
p+r (R) with p > 0 be the solution to the integral equation(1.1)

or equivalently(1.2) and letφn be the approximation solution of the numerical sche
(2.2) by using the iterative graded meshΠi

n with An = nr/p and S
(n)
±m(n)

= ±An where

m(n) − 1 is the index of the largest node in(−An,An) satisfying thatS(n)
m(n) � An >

S
(n)
m(n)−1. Chooseq±i so that fori = 0,1, . . . ,m(n) − 1,

0 < q±i � min

[
p + r

r
,max

(
(1− ε∗∗)p/r,

(1− ε∗) lnn

ln
(
1+ ∣∣S(n)

±i

∣∣)
)]

,

whereε∗, ε∗∗ > 0 are two small constants. Then, for sufficiently largen,

‖φ − φn‖L∞(R) = O
(
n−r

)
. (5.1)

Proof. From Lemmas 4.2 and 3.3(i) (cf. (3.7)) the result (5.1) can be shown in exact
same way as in the proof of Theorem 4.2.�

For 0< p < r we may also consider the composite graded mesh as defined in th
lowing theorem for the numerical scheme (2.2).

Theorem 5.2. Let 0 < p < r. Let φ ∈ BCr
p+r (R) be the solution to the integral equ

tion (1.1)or equivalently(1.2)and letφn be the approximation solution of the numeric
scheme(2.2) based on the composite graded mesh:An = nr/p, S

(n)
±m(n) = ±An, where

m(n) is the index of the node such thatS
(n)
m(n)

� An > S
(n)
m(n)−1, and using the exponen

tially graded meshΠe
n in [−n,n] and using the polynomially graded meshΠ

p
n with

1 � q � r/(r − p) in the intervals[−An,−n] and[n,An]. Then, for sufficiently largen,

‖φ − φn‖L∞(R) = O
(
n−r

)
. (5.2)
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e the
om

, we
Proof. From the proof of Theorems 4.1– 4.4 it is clear that we only need to prov
uniform boundedness of‖(I −Kz,AnPn)

−1‖ for the composite graded mesh. Further, fr
the proof of Lemmas 4.3– 4.4 it is enough to show that for sufficiently largen,∥∥Kz,An(I − Pn)Kz,AnPn

∥∥ � δ0

C1
(5.3)

for some small 0< δ0 < 1.
In fact, arguing similarly as in deriving (4.11) (cf. the proof of Lemmas 4.3– 4.4)

have ∣∣Kz,An(I − Pn)ϕ(s)
∣∣ � M

[
max

I
(n)
±i ∈[−n,n]

ω
(
ϕ, I

(n)
±i , δ(n)∗

)

+ max
I

(n)
±i ∈[−An,−n]∪[n,An]

ω
(
ϕ, I

(n)
±i , δ(n)∗∗

)]
,

where

δ(n)∗ = 2

αe

, δ(n)∗∗ = 2

αp

n
−(1− r(q−1)

qp )

with αe being theα defined in the exponentially graded mesh andαp being theα defined in
the polynomially graded mesh. Noting that‖z‖L∞(R) � M for all z ∈ LQ and‖Pn‖ � M

for all n � 1 and using the fact that 1� q � r/(r − p) and 0< p < r, we can find some
sufficiently largeN andα0 > 0 such that for alln � N and allαe,αp > α0,

∥∥Kz,An(I − Pn)Kz,AnPn

∥∥ � sup
|s ′−s|<max(δ(n)∗ ,δ

(n)∗∗ )

+∞∫
−∞

∣∣κ(s′ − t) − κ(s − t)
∣∣dt � δ0

C1
,

that is, (5.3) holds. The theorem is thus proved.�

6. Local error estimates

In this section we establish the local error estimate‖x − xn‖L∞(−A,A) for someA > 0.
In practical computation it is expected that for givenA > 0, ‖x − xn‖L∞(−A,A) would be
very small. Throughout this section we assume that

(H) κ(s) = O(s−β) for someβ > 1 ass → ∞.

If (H) holds andφ ∈ BCr
p(R) for somep > 0, then by (1.2) and (1.5) it follows that

∣∣(Kz − Kz,An)φ(s)
∣∣ =

∣∣∣∣∣
+∞∫
An

κ(s − t)z(t)φ(t) dt +
−An∫

−∞
κ(s − t)z(t)φ(t) dt

∣∣∣∣∣
= O

((
1+ An − |s|)1−β

A
−p
n

)
.
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ow,
ves

-

ave the

sh
Thus ifA − 1� θAn for some 0< θ < 1, then we have that fors ∈ [−A,A],∣∣(Kz − Kz,An)φ(s)
∣∣ = O

(
A

1−p−β
n

)
,

which together with (4.3) implies that

‖φ − φAn‖L∞([−A,A]) = O
(
A

1−β−p
n

)
.

Thus we conclude that if we only need to get‖φ −φAn‖L∞(−A,A) = O(n−r ), then we may
takeAn = max(nr/(p+β−1), (A − 1)/θ), which is much smaller than the choiceAn = nr/p

in the last section.

Theorem 6.1. Assume that(H) is satisfied and letφ ∈ BCr
p(R). Let φn be the approxi-

mation solution of the numerical scheme(2.2) using the iterative graded meshΠi
n with

0 < q±i � p/r, An = max(nr/(p+β−1), (A − 1)/θ), andS
(n)
±m(n) = ±An, wherem(n) is the

index of the node such thatS
(n)
m(n) � An > S

(n)
m(n)−1. Then there is anN6 > 0 such that for

all n � N6

‖φ − φn‖L∞([−A,A]) = O
(
n−r

)
. (6.1)

Proof. If, for i = 0,1, . . . ,m(n) − 1,

0 < q±i � (1− ε∗∗)(p + β − 1)/r (6.2)

for some smallε∗∗ > 0, then the theorem follows immediately from Theorem 4.2. N
since 0� q±i � p/r andβ > 1, then it is easy to see that (6.2) is satisfied, which pro
the theorem. �

Applying Theorem 5.1, the following result can be easily obtained.

Theorem 6.2. Assume that(H) is satisfied and thatφ ∈ BCr
p+r (R). Letφn be the approx-

imation solution of the numerical scheme(2.2) using the iterative graded meshΠi
n with

An = max(nr/(p+β−1), (A − 1)/θ) andS
(n)
±m(n) = ±An, wherem(n) is the same as in The

orem6.1. Chooseq±i satisfying that fori = 0,1, . . . ,m(n) − 1,

0 < q±i < min

[
p + r

r
,max

(
(1− ε∗∗)p + β − 1

r
, (1− ε∗) lnn

ln
(
1+ ∣∣S(n)

±i

∣∣)
)]

for some smallε∗ > 0 andε∗∗ > 0. Then the local error estimate(6.1) holds.

As an immediate consequence of Remark 5.1 and Theorems 4.3 and 4.4, we h
following result.

Theorem 6.3. Assume that(H) is satisfied and thatφ ∈ BCr
p+r (R). Letφn be the approxi-

mation solution of the numerical scheme(2.2) using either the exponentially graded me
Πe

n in the case whenp + β − 1� r or the polynomially graded meshΠp
n in the case when

p + β − 1 < r with 1 � q � r/[r − (p + β − 1)]. Let An = max(nr/(p+β−1), (A − 1)/θ)

andS
(n)
±m(n) = ±An, wherem(n) is the index of the node such thatS

(n)
m(n) � An > S

(n)
m(n)−1.

Then the local error estimate(6.1)holds.
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Remark 6.1.

(i) If we only need to get‖φ − φn‖L∞(−A,A) = O(n−r ), then we may use a larger grad
mesh with a smaller number of grid points in practical computation.

(ii) In Theorem 6.3 for the casep + β − 1 < r we may also use the composite grad
mesh introduced as in Theorem 5.2.
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