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Abstract

This paper studies mixed finite element approximations to the solution of the
viscoelasticity wave equation. Two new transformations are introduced and a
corresponding system of first order differential-integral equations is derived. The
semi-discrete and full-discrete mixed finite element methods are then proposed for the
problem based on the Raviart-Thomas-Nedelec spaces. The optimal error estimates in
L2—norm are obtained for the semi-discrete and full-discrete mixed approximations
of the general viscoelasticity wave equation.
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1 Introduction

Let €2 be a bounded domain in R? with a smooth boundary, 9Q. For 0 < T' < oc a fixed
real number and for .J = (0, 7'], we consider the initial-boundary value problem:

ug — V- (a(m)Vu + b(m)Vut> = f(z,t), z€Q,te, (1.1a)

with the initial conditions
u(z,0) = ug(z), =z€Q, (1.1b)
u(z,0) = ui(z), =z€Q, (1.1c)

and the homogeneous Dirichlet boundary condition

u(z,t) =0, z€dQ, telJ, (1.1d)
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where u(z, t) represents the displacement, u; = 38—1;, Uy = ‘(?;T;‘, a(z) is the coefficient of
elasticity and b(x) is the coefficient of viscoelasticity, which satisfy the property that there
exist positive constants a;, b;( = 0, 1) such that

0<ag<a(z)<a;, 0<by<b(z)<b, z€l

Additionally, the coefficients a(z) and b(x), the initial displacement functions u,(z) and
u1(z), and the force function f(z,t) are assumed as regular as necessary. The equation
(1.1) is called a viscoelasticity type wave equation, which describes the wave propagation
phenomena of actual vibration through a viscoelastic medium.

Numerical methods for the problem (1.1) with the case b(z) = ya(z) (or the coefficient
matrix B(z) = yA(z)), where v > 0 is a constant, have been developed and analyzed
successfully in [7] [10] [11] [15]. Previously, Larsson and Thomée in [10] (1991) pro-
posed a finite element method to (1.1) with the case B(z) = yA(z) to approximate the
displacement and velocity. Both semi-discrete and fully discrete schemes were discussed,
and the optimal error bounds were derived. Lin, Thomée, and Wahlbin ([11], 1991) studied
the problem based on a parabolic integro-differential equation (and the viscoelasticity type
equation). The new projection of Ritz-\olterra type was introduced and the optimal error
estimates of the semi-discrete finite element approximation were obtained for the problems.
Recently, Pani and Yuan ([15], 2001) discussed the mixed finite element method for the
problem (1.1) with the case B(z) = yA(x). In this case, one can introduce the stress, i.e,
o = AVu, then the equation can be transformed into a system of differential equations.
The corresponding system is then approximated by the mixed finite element method. Opti-
mal error estimates in L2—norm for both the velocity and stress are derived using the usual
energy argument in [15]. However, for the general case with b(x) # ~ya(x), the mixed finite
element method can not directly be applied, which will leads to a very complex mixed sys-
tem. The numerical computation and the theoretical analysis will become much complex
and even impossible. Therefore, there is considerable interest in finding new transforma-
tions to construct the mixed finite element methods for the general problem and in analyzing
the errors of the derived mixed methods for the problem.

In this paper, we consider the mixed finite element approximations of the problem (1.1)
with the general coefficients a(x) and b(z) (b(z) # ~ya(x)). In contrast with the method
in [15], we introduce two new transformations: u; = ¢ and z = aVu + bVuy, where ¢
and z represent the velocity and the actual stress, respectively. For constructing the mixed

.. . . . 1
finite element method to the problem, a relation between ¢ and z is derived as Vg = i
t

Sett | o372 dr. Following this, a system of first order differential-integral equations is

b2
derived aﬁd the semi-discrete and full-discrete mixed finite element methods are proposed
based on the Raviart-Thomas-Nedelec spaces. We prove the optimal error estimates in
L?—norm of the displacement, velocity, and actual stress for both the semi-discrete mixed
scheme and the full-discrete mixed scheme.

We would also remark some previous results ([4] [5] [8] [12]) on mixed methods for the
second-order wave equations without the viscoelastic term. Geveci in [8] derived the L2-

norm error bounds for the continuous-time mixed finite element approximations of velocity



and stress. Cowsar, Dupont, and Wheeler in [4] [5] discussed the mixed finite element
methods to a second-order hyperbolic equation with absorbing boundary conditions and
other boundary conditions and derived the optimal error bounds for displacement and ve-
locity for the semi-discrete and fully discrete schemes. Makridakis in [12] discussed the
mixed methods for the linear elastodynamics problem.

The remaining part of the paper is organized as follows. In Section 2, the semi-discrete
and full-discrete mixed finite element methods are formulated after introducing two new
transformations. In Section 3, A non-classical projection of the solution is defined, and
the approximation properties are proved. The existence and error estimates of the solution
for the semi-discrete mixed scheme are established in Section 4. In Section 5, the error
estimates for the full-discrete mixed scheme are discussed.

2 Mixed finite element Methods

In this section we consider the mixed finite element formulations for the problem (1.1). For
the general case with b(z) # ~a(z), we introduce two new transformations and transform
(1.1) into a system of first order differential-integral equations. We then define the semi-
discrete and full-discrete mixed approximations to the corresponding first order system of
differential-integral equations.
Define
g=1u;, z=aVu—+bVuy. (2.1a)

Solving the ordinary differential equation for Vu, we have

1 0 ! atz) ,
Vu=——=e @ z(z,7)e?@ dr, (2.1b)
0

where the right-hand side term of (2.1b) is an integral of a vector function. Differentiating
(2.1b) with respect to £ and using (2.1a), we obtain

V_l_iit/t 7 2d (2.1¢)
q = bZ 626 . (& zZaT. Ac
Thus, using the transformations we obtain the equivalent system of differential-integral
equations for the problem (1.1):

q —div z = f(x,t), z€Q, tEJ, (2.2a)
1 t
—Vq+ 5% = d(x,t)/ g(z,T)zdr, x€Q, tEJ, (2.2b)
0
u—q=0, €N teJ, (2.2¢)

with the initial values ¢(z,0) = u1(z), 2(z,0) = 2¢(z) := aVug + bVuy, and u(z,0) =
a(x)
(z)?

a(x)

e
uo(z). Here we have used the notations: d(z, ) := e @' and g(z,t) == et ",

~n



Let (-,-) and || - || denote the inner product and norm in L2(£2) (or (L?(£2))?), respec-
tively, i.e, for any ¢, € L2(2) (or L?(2))?)

($.) = /Q payp(@)dz, (4] = (6,6)%.

Denote by H*(£2) and (H*(£2))? the standard Sobolev spaces of real-valued functions and
vector functions defined on Q and by || - |; the norms of H*(2) and (H*(Q))?. For any
space X with norm || - || x, take L?(0, T; X) to be the space of maps of [0, T into X and
define the following norm for & : [0,7] — X:

T
12122 07,x) = / 10 ¢, D% dt, 1960l r(orx) = sup [8(8)]x.
0 0<t<T

Let V = L?(Q). Define H(div; ), a subspace of (I?())?, by
H := H(div; Q) = {¢ € (L*(Q))?| divp € L*(Q)}

with the associated norm
el = llell” + || div o>,

Then, corresponding to (2.2), we have the mixed weak form of the problem: Find {q, z, u} :
[0,T] = V x H x V such that

(qu,0) — (div 7,0) = (f,0), Vo €V, (230
1 t

(0.0 9) + (52.9) = (d [ gzdrp). Vo€ HL (2.3))
0

(Ut,’U) - (qalu) = Oa Vo € VY, (236)

with the initial values ¢(z,0) = ui(z), z(z,0) = 2zo(z), and u(z,0) = ug(z).

Let Q, = {K} be the quasi-regular triangulation or rectangulation partition of the
domain 2. Denote h to be the spatial step size h = {max K : K € Q,}. LetV}, x H;, C
V x H be the Raviart-Thomas-Nedelec mixed finite element spaces ([16, 14]) with index k&,
where £ is a fixed nonnegative integer (R7;, and RTj;) in the notation of Brezzi and Fortin
[1]). Then the semi-discrete mixed finite element approximations to (2.3) is defined as: Find
{Q(t), Z(t),U(t)}: [0, T] — Vi, x Hy, x V}, such that

(Qisvn) = (div Z,vp) = (f;0n),  Von € Vi, (2.4a)

t
(Q, div op) + (%Z, Pn) = (d/o 9Z dt,pp), Ven € Hp, (2.4b)
(Utavh) - (Qavh) = 07 V’Uh € Vha (240)

with initial values U (0) € V},,Q(0) € V},, Z(0) € Hy, which are approximations of ug(z),
ui(z), and zo(x) onto Vj,, V3, and Hy, respectively.
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In order to define the full-discrete scheme, let N > 0 be the integer number and define
. . T .
the time step size At = N Then, [0, T can be divided as:

0="<tl<--.<t"<--- <tV =T,

with " = nAt. Set

" =w(t"), V"t = (v + o™,
1
" = n+1 n
Wt = Rl )

and t"*2 = (n + L)At.
Further, we need consider the numerical approximation of the integral over [0, ¢] on the
right-hand side of (2.4b). For simplicity, introduce the notation

t
I(t):/ g(7)z(T)dr. (2.5)

For avoiding the corresponding algebraic system to be complex, we introduce the extrapo-
lation technique to treat the right-hand side term in (2.4b) at t = ¢"*! :

It = 2I(#7) — I(#"7Y). (2.6)

For approximating the integral 7(¢™), the middle point formula is given as

n—1

/ " g(r)z(r)dr = g(t2)T12AL, (2.7)
0

=0

We can now give the full-discrete mixed finite element approximation to (2.3) as follows:
Find {Q"+!, Zn*+L U1} € V,, x Hj, x V}, such that, forn > 1

(0:Q", vn) — (div Z™F3 vy) = (F("F7), 0p), Yoy € Vi, (2.8a)
1 n-! 1
Q" div on) + (32" on) = (d(t™)[ D g(#41/2) 2 2
=0
+g(t"3)Z" 2 At g0 ), Vepn € Hp, (2.8b)
(O U™, vp) — (Qn+%,vh) =0, Yo, € V, (2.8¢)
and for the first time level (n = 0)

(3:Q°, vn) — (div Z3,v) = (£(£2),v8), Yoy, € Vi, (2.84)

. 1
(Q', div @) + (ngaWh) = (d(t")g(t") Z°At, pp), Vo, € Hp, (2.8e)
(BU°, o) — (Q2,03) = 0, Yoy, € Vi, (2.81)
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where U°, Q° and Z° are the approximations of ug(x), go(z) and zy(z).
In order to obtain high order accuracy for the approximations at the first time level, we
introduce the following modified scheme for (2.8e): for ¢, € Hy,

a

b

0z

ZUAt + 8t

(@' div on) + (2" on) = (A1) [0(3) 2% +( (0)AD] AL, gr ), (2:89)

where 22(0) = b[d(0)g(0)zo + V f(z,0) + V(div 2)] is obtained from (2.2) at ¢ = 0.

In the following sections, we will discuss the theoretical analysis for the semi-discrete
and full-discrete mixed schemes. We assume throughout this paper that the exact solution
of the equation has the smoothness required by our argument, as for ease of presentation
we sometimes refrain from making the assumption explicit. For the existence, uniqueness,
and regularity results of exact solutions of these type problems, the reader is referred to the
papers [6] [7] [13][19] and the references quoted there.

3 Auxiliary Projection and Related Estimates

For analyzing the errors of the semi-discrete and full-discrete mixed methods (2.4) and
(2.8), respectively, we will define the auxiliary projection associated with the solution of
the original problem (2.2) (or (1.1)) and estimate the related errors of the projection.

For t € (0,T], define {q, 2} as the auxiliary projection of the solution {g, z} onto
Vi, x Hp, satisfying that

- . 1 .
(g — ¢, div pp) + (g(z —Z),¢n) =0, Vo € Hy, (3.1a)

(gt — G, vp) — (div (z — 2),v,) =0, Yo € Vp, (3.1b)

where the initial values ¢(0) and z(0) are approximations of u1(z) and zo(x) in V}, and Hj,
respectively, and satisfy the approximation property

lg(0) = (0| +112(0) — 2(0)l|m < CR**. (3.2)

For simplicity, we can choose the initial values as the L2?—projections of ¢(0) = u1(x)
and z(0) = zo(z) onto V}, and H,, respectively. However, we can also define {G(0), z(0)}
as the mixed elliptic projection of {g(0), z(0)} onto V}, x Hj, by

(2(0) = 2(0)),n) = 0, Ve € Hy, (3.3a)

| o=

(4(0) = ¢(0), div @n) + (

(div (2(0) — 2(0)),v) =0, Vo, € V, (3.3b)

where z(0) = zg, and ¢(0) = wu;(z). All of these projections have the accuracy described
in (3.2) (see, e.g. [1] [3] [14] [16]).



Let V;, = span{vi(z),i = 1,2,--- ,L}, Hjp = span{y;(z),i = 1,2,--- M},
L M
and ¢ = Z:laz-(t)vi(x), z = Z:lﬁi(t)@/;i(x). Let @(t) = (a1 (t), aa(t), -+ ,ar(t))” and
B(t) = (Bu(t). Ba(t), -~ . Bar())T. Then, setting vy, = vi()(i = 1,2,--- L) in (3.1a)
and ¢ = i(z)(i =1,2,--- , M) in (3.1b), we have the following system:

B"&(t) + CA(t) = G(¢), (3.4a)
dé@(t) _x . =
A== —BB(t) = F(1), (3.4b)

where &(0) and 5(0) are given from G(0) and (0), respectively. In the above system, the
matrices A, B, C and the vectors G, F' are in the forms

A= ((vi,vj)>LXL, B = ((div ’(/)i,'Uj)) C= ((%1/%,1/)3‘))

MxL’ MxM

and
T

Gty = ((alt). ) + (2.

IxM’
T

F(t) = (a0, v5) — (div 2,05))
Hereafter the superscript T indicates transpose of a matrix or a vector.

Since the matrices A and C are positive definite, we know that the solution of the linear
system (3.4) exists uniquely by the standard theory of ordinary differential equations. Thus,
the auxiliary projection defined in (3.1) is existent and unique.

1><L'

We now list the approximation results of the Raviart-Thomas-Nedelec mixed finite ele-
ment space V;, x Hp, ([1] [16] [18]). There exist projections:

I, x P, : H XV — Hp x V},
which have the following properties:
(i) P, is L2-projection onto V}, and hence
(div p,v — Ppv) =0, v € Vp; (3.5a)
(ii) divlly, = Pydiv : H — V}, and thus

(d“) (SO - HhQD),’U) = 01 (S Vha(p € Hh; (356)

(iif) The following approximation properties hold:

[ — Il < Cllellsh®, 1 <s <k +1; (3.5¢)
[div (¢ —Tho)|| < Clldiv @f[sh®, 0 <s <k +1; (3.5d)
lv — Pyo|| < C|lv||sh®, 0 < s <k—+1. (3.5¢)



Here and in what follows, C will denote a generic positive constant which is independent
of the parameter h (and the parameter At) .

We now discuss the errors of the auxiliary projection {¢, 2}. Letp=qg—¢q, § =z — 2.
Then (3.1) can be written as

) 1
(p, div pp) + (55, ¢n) =0, VYop € Hp, (3.6a)
(pt,vp) — (div 0,v,) =0, Yo € V. (3.60)
Differentiating (3.6a) with respect to ¢, we have
) 1
(ptad“) Sph) + (géta <Ph) = 01 VQOh € Hh- (37)

From (3.6b), (3.7), (3.5a) and (3.5b), it follows that

1 . B 1
(pt,pt) + g5t, 8) = (ptqt — Pray) + (div 0, Prgs — Gi) + (g5t, )

. » 5 1
ptsqt — Pray) + (dw [z —z + Iz — 2], Prgy — Qt) + (gdta )

(
(
. . . 1 .
= (pt,q — Paqr) + (div(Ilpz — 2),q1 — G1) + (gfstaz —Ilpz 4+ 1pz — 2)
(

1
pt-qt — Prar) + (ngt, z —1IIp2).

(3.8)
Thus, using the Cauchy-Schwarz inequality, it can be derived from (3.8) that

1 1 1 1

Slodll? + (766.6) < Sllar — Pagll® + (500, 2 — Tj2). (3.9)
2 b 2 b

Denote the b—weighted L?—norm on H), as

1
lelly = (g% @), Vo€ Hy.

Using (3.5¢) and the Cauchy-Schwarz inequality, we have the following estimate:

L1 1 L1
| Gz —12) dr = (.2 =Tl — [ (56,2~ Wa)as
0 0

< CLISO)]2 +112(0) — Thz(0)[2 + | 2 — e 2
t t
4 / (2 — T2)il2dr} + e / 18112dr + 15]2)

t
< C{R*M 2+ (6015} + 6(/0 lo[1zdr +1|al13)- (3.10)

Integrating (3.9) from 0 to ¢ and using the estimate (3.10) above, we obtain

t
[ Ui + 0= 281E < O + 1242
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T t
+/ ||qt—Phqt||2dT}+6/ |6]|ZdT. (3.11)
0 0

With help of (3.5¢) and the Bellman inequality, from (3.11) we have

t
/0 loel*dr + 11815 < CLISO)]* + h*+2}. (3.12)

Noting (3.12) and the fact that

2 ! 2 ! 2 2
ol = [ ([ ar+p) dz < [ (Il + o)1) ar. (3.13)
Q 0 0
it can be obtained that
ol < C{llp(O)]1 + 16(0)[|> + A**+2}. (3.14)
Combining (3.12) and (3.14), we get the following approximation theorem.

Theorem 3.1 Let {G, z} be the projection of {q, z} defined by (3.1a) and (3.1b). If the
initial values {g(0), z(0) } satisfies (3.2), then the following error estimate holds

lg = Gllzee g2y + 12 = Zll ooy + 10 = @)ellp2(g;02) < CRF (3.15)
where C' is a constant depending on ||| e (s mr+1(q))s 121 Lo (7, r+1(02))2),  and

gt 22,0100y 122l L2 (v 41 (2))2)-

Similarly, we have the following estimates for the time-derivatives of the auxiliary pro-
jection {q, z} if the exact solution is sufficiently smooth:
lae — Gell oo (on2) + 12t — Zellpoo g2y + 1@ = Duell 205,02y < CHEFY, (3.16)
and

laee — Guell oo (rin2) + N2 = Zullpoo(rip2y + 110 — Dl p2(aip2y) < CRETL (3.17)

4 Error estimates of the semi-discrete mixed approximation

In this section we will consider the existence, uniqueness, and L?—norm error estimates of
the solution of the semi-discrete mixed finite element approximation. Let {v(z)}-, and
{4;(z)}}, be again the base functions of finite dimension spaces V; and H}, respectively.
Let

L M L
Q=Y atyi(x), Z2= Bit)i(z), U= x(t)vi(z),
im1 im1 i—1

and () = (an(t), cn(t), -~ ,ar(®)T, B(t) = (Bi(t), Ba(t),--- . Bar ()T, and F(t) =
(v1(t),y2(t), -,y (t)T. Setting v, = v;(z), for j = 1,2,--- , L, in (2.4a) (2.4c) and
op =;(x), fori =1,2,---, M, in (2.4b), we derive the ordinary system:

da(t)

A—= — BA(t) = F(t), (4.1a)



BT a(t) + CA(1) = / G(t, 13 (r) dr. (4.10)
0

— = a(t), (4.1¢)
with @(0), £(0), and 5(0) are given from Q(0), Z(0), and U (0), respectively. Q(0), Z(0),
and U(0) are the approximations of u1(z), 20(z), and ug(z) onto Vj, Hy, and Vj,. In the
system, the matrices A, B, C, and G and the vector F'(¢) are defined in the forms:

A= ((vi,vj)>LXL, B= ((div 2/)1-,1)]-))

MxL’

c=(G) ., 6t = (@Ogw )

MxM’ MxM’

and
T

F(t) = ((f().vy))

Differentiating (4.1b) with respect to ¢, combining (4.1a) and using the property that A
and C are positive-definite, it can be derived that

1><L.

%it) _ _BTA_IBﬁ(t) + G(t, T)g(t) (4.2)
+ [( @) ar 54 R, |
0

C

where

Gilt,7) = ((d®grhp )

By the regularity theory of ordinary integro-differential equations (see [2]), there exists
a unique solution of the system (4.1a), (4.2) and (4.1c). Thus, we have the following
existence and unigqueness theorem.

Theorem 4.1 There exists a unique solution {Q(¢), Z(¢),U(t)} € Vj, x Hy x V}, for
the semi-discrete mixed finite element scheme (2.4) on (0, 77.

Now we estimate the errors of the semi-discrete mixed scheme. Letd = ¢ — Q, © =
Z—Zandletp=¢q— ¢,6 = z — % be the same as in Section 3. Theng — Q = p+ 6, and
z—2Z=20+m.

Subtracting (2.4) from (2.3) and using the definition of the auxiliary projection (3.1),
we have the error equations:

(01,v) — (div w,vp) =0, Yo, € Vy; (4.3a)
1 t

(0,div ) + (gﬂ, on) = (d(t) 9(6 + m) dr, (Ph)a Von € Hp; (4.30)
0

(ug — Up,vp) = (p+0,vp); VYo, € V. (4.3¢)
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Differentiating (4.3b) with respect to ¢ leads to the result that for ¢; € Hp,

a

(01, div o) + (lwt on) = —(gd/teg7(5 +7)dr 90h> —+ ( (6 +m) 90h>- (4.4)
) b ) b 0 b 62 b
Combining (4.3a) with v, = 6, and (4.4) with ¢, = =, it holds that

a

10, + (%m, ) = (b2 (6 + ), 7r> - (%d/otg(é + 7)dr, 7r>. (4.5)

Integrating the equation (4.5) from 0 to ¢ € J and using the b—weighted norm || - || 5, we get

t t
/0 16:(r) 1 dr + [l [l5(2) < C’{HW(O)IIer/0 (I3 + l1811%) dr}. (4.6)

Applying the Bellman inequality to (4.6) and using the results in Theorem 3.1, we obtain
t
/0 16:1%d7 + |Ixll} (t) < C{llm(0)[l} + n***2}. (4.7)

Now choosing vy, = 6 in (4.3a) and ¢, = « in (4.3b) and summing up these two equations
lead to the error relation

1 t
(61,0) + (-7, 7) = (d/ (6 + m)dr, 71'). (4.8)
b 0
Further, arguing similarly as in deriving (4.7) we get
1617(t) < CLIOO)II + [lm(0)]* + A2}, (4.9)
Finally, from (4.3c) we have the error equation:

(ug —Upyu —U) = (ug — Uy u — Ppu) + (p+ 6, Pyu —U). (4.10)

Integrating (4.10) from 0 to ¢ and using integration by parts with respect to = for f(f (ug —
Ui, u — Pyu) dr, it holds that

1 3 1
yLAe Ul < g llu— U|1*(0) + gllu— Pyu*(0) + 2|lu — Pyul?
t
+ / (e = Pl + = Pl + 1ol + 1012) dr - (4.11)
t
+ / |u—U|? dr
0
Thus, using (4.9) and (3.5e), we obtain from (4.11) that
lu = U[* < C{[lu(0) = UO)[* + [|6(0)]* + A**+2}. (4.12)
If now the initial approximations U(0), Q(0), and Z(0) satisfy the property

luo = U ) + lur = QO)I| + [lz0 — Z(0)| < Ch**, (4.13)
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then combination of (4.7), (4.9) and (4.12) leads to the following error estimate theorem.

Theorem 4.2 Let {u,q,z} be the solution of (2.2) (or (1.1)) and let {U,Q, Z}
be the solution of the semi-discrete mixed finite element method (2.4). If
u,q € L®(0,T; H¥1(Q)) n HY(0,T; H**'(Q)), = € L>0,T;(H'(Q)?) n
HY(0,T; (H*1(Q))?), and {U(0),Q(0), Z(0)} satisfies (4.13), then there exits a positive
constant C' independent of A such that

lw = Ullpoe g2y + la = Qllzoe(gir2y + 12 = Zllpoo(ripzy < CHF (4.14)

As a remark, it is clear that if choosing the initial values {Q(0), Z(0)} as the mixed
projection {g, z} defined in (3.3) and choosing U (0) as the I?—projection of (0) onto V,
then the initial approximation property (4.13) holds (see, e.g. [3][16][17]).

5 Error estimates of the full-discrete mixed approximation

In this section we shall discuss the full-discrete mixed finite element approximations. In
our full-discrete scheme, the right-hand side term in the scheme (2.8) was treated by using
the extrapolation technique. The scheme is much effective in computation and have the
second order truncation error in the time step size. The current level unknown variables are
only come from the left-hand side of the system. The saddle-point type coefficient matrix
is similar to that obtained from the parabolic problem (see [9] [17]). Thus, it is easy to see
the existence and uniqueness of the solution of the system (2.8). Here, we shall mainly
show the error estimate theorem.

Theorem 5.1 Let {u, q, z} be the exact solution of the original problem (2.2) (or (1.1)
and let {U™, Q™, 2"} be the solution of the full-discrete mixed finite element scheme (2.8).
If choosing the initial values U° = 7 (0), Q° = G(0) and Z° = #(0) as defined in (3.3) and
if the first time level values U', Q' and Z' are defined as in (2.8d), (2.8f) and (2.8g), then
there exists a constant C' > 0 independent of step sizes h and At such that

max {u" = UM+ g = QI + 12" — 27|} < C{(AD + A2} (5)

Proof. Let
un_Un:§n7 qn_Qn:qn_qn+qn_Qn:pn+9n’
2= =" "4 2" =5+ 7"

Then 6° = 0 and ° = 0. Setting # = ¢"*2 in (2.3a) and (2.3¢) and ¢ = "+ in (2.3b), we
have that for n > 0,

(q(t"2), o) — (div 2(£"F3),0) = (F("F),v8) vh € Vi, (5.2a)
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1
(""", div op) + (b "on) = (@E"IE), 0n),  n € Hy, (5.20)
1 1
(ur(t"F2),0) = (q(t"72),08), wvh € V. (5.2¢)

Subtracting every equation in (2.8) from the corresponding one in (5.2) and using the defi-
nition of {g, z} in (3.1) yield the following error equations: for n > 0,

(00", vp,) — (div ©" 3 ,Uh) ZT ,vp), Yop € Vg, (5.3a)

1
(0" div @) + (77" op) = (d(t") Z G,¢ —h), VYon € Hy, (5.30)

(D™, o) = (p"F2 + 0772, wy) + (pu™ — uy(£7F3), )

+(@t™3) — ¢, 0p), Yoy, € Vi, (5.3¢)
where for n > 0,
TP = 96" — G(t"2), TP =z(t"tz) — e, (5.4a)
and forn > 1,
Gy = I(t"*)—(2I(t")—1(t""")),
n—1
Gy = 210 =D g )AL
=0
( n—1 = I+iy 1+1
UG EDWIGHERIV)]
1=0 (5.4b)
s, 1 1 n? 1 1
Gy = 2) g(t")dtIAL- ) g(tt)d AL
=0 =0
. 1 1 2 1 1
Gy o= 2) g(tt)rttaar =Y gt )al 2 At
=0
and forn = 0, 5
z
Gy = b 20(At)* + = (0)(At)?,
Gy = I(t) —lg(ﬁ)zwt, (5.4c)
Gy = g(t2)02 At
GY g(t2)m2 AL,

Here we have used the fact that I(t°) = 0 and the definition that, for any function v,

n—2 1 1 .
S gtttz = 0ifn = 1.
=0

~—
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Now, we estimate the bounds of 8™ and n™ for n > 2. Subtracting (5.3b) at n — 1 level
from itself at n level, we have that for n > 1,

4

(0" — 0", div on) + (%(w"“ =), 0n) = ([ = a@)] S Gy
=1
4
+d(t") Y (G} = GI™'),¢n),  Ven € Hp. (5.5)
=1

Choosing v, = "' — 9™ in (5.3a) and ), = 3 in (5.5), from these two equations we
have

2
1
(@47, 6" = 0") + (L (" —a),wE) = (3T 0 -6
i=1
4
d(h) —d(t") o GE =G
3 (TG () T DAt (5.6)

Noting that
1 7.rn+1 4 1
(Gt =), ) = S U™ = i )

and using the Cauchy-Schwarz inequality, we obtain that for n > 1

1
100" 12 At + (HW"“H? I 13) < Hat@"H At + - H T E|[p At

+Z||T”|| At+CZ{||G”||2+ HiGan ha (5.7)

We now need estimate every term on the right-hand side of the above inequality. Noting
(4.3a), (5.8), (5.9) and the fact that for any function p(t)

n+1 +p n—l— (At)2 62 n—l— 3
e = p( ) + S SR () + O((A), (5.8)
n+1 n
A Y e (A Pp i1 3
= g ) G s () + 0((An?), (5.9)
it is easy to derive that for n > 0,
1T + 173> < C(an™. (5.10)
The extrapolation error is
n+1 n n—1 821 n+1 2 3
I(t" )y =2I(t")—I(t" ")+ FTel ("N (AL) + O((At)?), (5.11)
S0 we have
IGT1? = (™) = 21(") + 1" H)|* < C(An* (5.12)
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for n > 1. From the error of the composite middle point rule, we have that for smooth
functions g and z,

n—1
I(t") = 3" gt 3)24 2 A+ O((A1)?).
=0

Thus we have the following estimate: for n > 1

n—1 n—2 9
lesl? = [2(rem) =Ygt rar) - (1@ ) + 3 gt an) |
=0 1=0
< oAt
(5.13)
For estimating G5 and G}, use the Cauchy-Schwarz inequality to obtain that
nl 1 1 1 1 2
G512 = || g 2182 a0+ g(m3)6m s
= (5.14)
< O AL,
=0
and X
IGE2 = 1Y g(#2)at 3 At + g(¢" 2 )n" 2 At
=0 (5.15)

n
< C 7|2 At
b
=0

for n > 1. We now consider the estimation of G}' — G?‘l for n > 2. From the definition
of G in (5.4b) and using the error relation (5.11), we have

v B PGSR RN ) 510
I — 20" ) + I(tH))) H < oat?
for n > 2. Similarly, we have
50 = ggle [ o=t e
- / gnandr + gD ian)| (3170
<
e A I i L LI

n_l n_3
< C{llg" 2 |* + [lom 217},
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and )
G -G 2 1 3. .3
H AL H = l29¢™ 21) G (5.19)
2

_3
C{llm" 21§ + lI=" 21}

IN

forn > 2.
We now estlmateH ||2 for i = 1,2, 3,4. Noting the definition of G in (5.4c), and
(5.11) and the length of the first interval [0 tl] is At, it holds that

G -G 2 1 2 1 a 0z 2\ ||
= | AU =20 = (G0 + 5 (0)(AY) )H
< C(A1)Y,
Gy — Gy 1 1 ?
Ga o) _ A_<m1) git)z2at)|| < can?, (5.20)
1 _ 0,2
|B2E = ouhst | < cnatie,
Gl —GY 2 1,1 L
GBI = gyt 2 < Ot

Thus, from (5.7) and using the estimates (5.10)-(5.20), we have

1 1
100" 2 AL + |7 HF < l7"F + §||7T"+5H§At

n (5.21)
+O{(AD* + 371812 + |17 |P) At} At
1=0
Summing (5.21) with respect to n from 1 to m — 1, we obtain
m—1 m
o0 P At + 7™ < |7 F + C{ant + D (117 + [7"]5) Aty (5.22)
n=1 n=1

for 2 < m < N. Applying Gronwall’s lemma and Theorem 3.1, from (5.22) we get the
following estimate:

m—1
D N0 PAt + 7™l < C{llx" (17 + (Ap)* + p?H2} (5.23)

n=1

for 2 < m < N. Setting v;, = "t in (5.3a) and ¢}, = 7+ in (5.3b) and adding these
two equations, we have

2 4
(aten’en-l-l)) + (%ﬂ_n—l—l’ﬂn—l—%) — (ZTin’en-H) + (d(tn+1) Z Gzn’ ﬂ_n-l-%)‘ (5‘24)
=1 i=1

Noting the relations:

1

1
(8 o" 0n+1) 2At (lwn—l—l”? ”9n||2) + 2_At(9n+1 _ 9”, 9n+1 _ 9n)
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and
1 1 1/1
(bﬂ_n+1’ﬂ_n+%) 4<”ﬂ_n+1”g ”,n_n”g) 4(bﬂ_n+1 ﬂ_n’ﬂ_n+1 ﬂ_n)’

we derive on multiplying (5.24) with At and using the Cauchy-Schwarz inequality that

S (011 = 10712) + (U = )
2 4
1
< 02t + Y ITP AL+ C{YIIGEI + a3 ) A (5.25)
=1 =1

Taking the sum of the equation (5.25) with respect to n from 1 to m — 1 and using the
estimates of 77" and G7', we get that for m > 2

10712 < (10117 + D ™7 At + C{(A)* + Y ("] + =) Atk (5.26)
n=0 n=0

Using (5.23) and Theorem 3.1 in (5.26) and then applying the Gronwall lemma to the in-
equality thus obtained we arrive at

1612 < CLIOM” + 715 + (A" + h2EF2) (5.27)

Finally, we estimate the errors ||0!|| and ||7!||, at the first time step. Taking v, = 6 in
(4.23), ), = 73 in (4.2b), and adding these two equations lead to

4
(3:6°,6") + (b7 't w %) = (10 + 18,0 + (") Y Gl 73).  (5.28)
=1

Since 8° = 0 and 7% = 0 then (5.28) can be rewritten as

4
(0,0°,6" — 6°) + %(%wl,ﬁl) = (T) + 19,6 — 6°) + %(d(tl) » Gt (5.29)
=1

By the Cauchy-Schwarz inequality, we see that
2 4
10:6°1° At + || 17 < O NITPAt+ ) 167117 (5.30)
i=1 i=1
From the definitions of G} in (5.4c), we have
a 0z

IGE* = 11(520 + —-(0)) (A)*|* < C(AR)Y, (5.31)

tl
1GS)I> = | / eS72(r)dr — g(t7)27 At]> < C(AL)*, (5.32)
0
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1.1 1
IG31* = llg(t=)o= At||* < Cl6=[*(At)?, (5.33)

and
G312 = [lg(t2)m2 At|]* < Clm2 || (A1), (5.34)

Thus, from (5.30) and using the estimates (5.31)-(5.34) and (5.10), it can be derived that
18:6%]12 At + (|7 I? < C{(AD* + h2+2), (5.35)
Further, from (5.35) and the fact that #° = 0 it is clear to see that
161117 = [13:6°]*(At)* < C{(A1)* + h*F2}. (5.36)

Thus, combining (5.23), (5.27), (5.35) and (5.36), we obtain the final estimate of ™ and
am for0 <m < N

107117 + |75 < C{(At)* + h**F21. (5.37)
n the other hand, setting v = + £™in (5.3c) we get
On the other hand ing £t 4 ¢ in (5.3¢) we g
1 1 1
1€ < flem® + §A1t||£"+1 +EMP +2{llp P+ 022
1 1 1
+lg(t"2) = "2 + [[u™ — wi(t" )|} AL (5.38)
Similarly, we have that for0 < m < N
1E™1” < C{(At)* + p*F2]. (5.39)

This ends the proof of the theorem.
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