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Abstract

Mourre’s commutator method is used together with Besov spaces, in this paper, to
settle the question of uniqueness of solutions to the scattering problem for the acous-
tic wave propagation in perturbed stratified fluids in R™ with n > 2. The uniqueness
of solutions is established by introducing a radiation condition in the framework of
Besov spaces, and is then used to prove resolvent estimates in the Besov space setting
for the acoustic propagator in perturbed stratified fluids. These estimates are ‘sharp’
in a sense made precise in the text and are important in establishing existence of
solutions to the scattering problem.

—

1. Introduction and marn results

The spectral and scattering theory for acoustic propagators H = —C?(2)A in per-
turbed stratified fluids have been studied recently by several authors [2, 3, 5-7,
12, 13, 19-24]. Under suitable assumptions on the behaviour of sound speed C'(z) at
infinity, the absence of eigenvalues and the principles of limiting absorption and lim-
iting amplitude have been proved and the scattering theory has also been developed.
What we are going to do in the present paper is to introduce a radiation condition
for such propagators and to study the uniqueness of solutions to the steady-state
scattering problem for the acoustic wave propagation in perturbed stratified fluids
under this radiation condition. For simplicity and to fix ideas, we consider, in the
present paper, the simple case of the Pekeris profile Cy(y) (see (1-2) below). However,
we should remark that the method also works for more general situations, in partic-
ular multidimensional ones with non-constant density py(y) as those considered in
[5, 6]. To formulate the results obtained in this paper precisely, several assumptions
and notations are required.

We work in the n+ 1-dimensional space R™"! with n > 1 and write the coordinates
in R as z = (z,y) with y € R and = = (zy,...,x,) € R™ We also write r = |z|. Let
A be the Laplacian in R and let Cy(y) > 0 be the sound speed in the fluid under
consideration, which depends only on the depth variable y. Then the acoustic wave
in the stratified fluid is governed by the wave equation

O*w

ot?

— Ci(y)Aw =0, (1-1)
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where w(t, x,y) (the excess pressure or the acoustic potential) is a real-valued function
defined fort € R, x € R", y € R. We consider the case

C_ fory<oO
Coy) = Crn for0<y<h (1-2)
C. fory>h,

where C;, Cj, C_ and h are positive constants. On the other hand, the acoustic
wave in a perturbed stratified fluid which we consider here is also governed by a
similar wave equation
&Pw
ot?
The sound speed C(z) > 0 is assumed to satisfy the following conditions:
(C1) C(z) is measurable;
(C2) 0 < (), < C(2) < Oy for some C, and Chyy;
((3) C(2) — Coly) = O(|2|7'7°), as |z| — oo, for some 0 < § < 1.
The assumption (C3) means that the perturbation under consideration is of short-
range class.
Write p(z) = 1/C?*(z) and py(z) = 1/CZ(y). We shall prove in the present paper
that, if Cj, > min (Cy, C_) then there exists at most one function u in H*(Q(R)) for
all R > 0 satisfying the equation

— C*(2)Aw = 0. (1-3)

—Au — Apu = pf (1-4)

in R™!, and the Sommerfeld radiation condition of the form

li 1/ Ou VNI
m — — —
Ros R Joup | 017] o

where A > 0 and f is a function in Ly(R™"!). Here, Q(R) = {z € R""!||2] < R}
and, for a domain V in R""! and a non-negative integer k, H*(V') denotes the usual
Sobolev space with scalar product (-, -)x,v and norm ||-||x,v. Note that Ly(V) = H*(V)
and V, k will be omitted from the scalar product and norm when V = R"*! and k = 0.

For o« € R and a non-negative integer k, we define the weighted Sobolev space
HE(V) by

dz =0, (1-5)

HE(V)={ve H*(VNQR)VR > 0] (2)*0°v € Ly(V), |o| < k}
with the weighted norm
[Wliay = > [ (2)0°vPdz,  (2) = (1+[2])2,
lo|<k VY

where o = (01,...,0441), 05 = 0 is an integer, 97 = 97" --- 9gndg™', 9; = 9/0z; and

0y = 0/0y. We write H) (V) = Lg (V). We also define
B(V)={f € Ly(VNQR)) VR > 0| f[| pv) < o0}

with

oo 1

TS [ / Iflzdzy

m=1
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and
B*(V)={u € Ly(VNQR)) VR > 0|||u]

B=(v) < +oo}

with

gy =sup B[ jup
R>1 VNQ(R)
where V,,, = {2z € Vi|rp_y < |z| < tm}, 70 = 0, 7 = 2771 m > 1. (The spaces
B, B* were introduced by Agmon and Hormander [1]| for the whole space R" to
study boundary values of the resolvent of a constant, symmetric differential operator
P(D) where the symbol P(§) is a polynomial having only simple zeros. The Fourier
1

transform of B(R") is the Besov space B;’I(R") and that of B*(R") is the Besov

1
space B, >°°(R™) see [11].) Note that for every a > é the continuous inclusions

L3(V) € B(V) C L3(V) C Lo(V) € Ly *(V) € B*(V) C Ly(V) (1-6)

hold. For simplicity, we shall omit V' from norms and integrals in the present paper
when V = R"™*1,

With the above notations, we now formulate the main results obtained in the
present paper.

THEOREM 1-1. Let uw € H*(Q(R)) for all R > 0 satisfy the equation

—Au—Apu=0, A>0 (1-7)
and the radiation condition (1-5). Then u = 0 almost everywhere in R™1.

Remark 1-1. The radiation condition (1-5) characterizes the distorted (due to the
stratification) spherical waves that propagate along all directions as in the non-
stratified case, but rules out guided waves localized in the slab 0 < y < h (such waves
propagate in the z-direction and their amplitude is exponentially decaying in the
y-direction). Note that if C}, < min (C4, C_) the Pekeris profile (1-2) has an infinite
number of guided waves [23, 24|. However, in the case when C}, > min (C4, C_) there

are no guided waves (see |23, 24|) so that we have the following corollary of Theorem
1-1.

CororLLARrY 1-1. Let Cj, = min(Cy, C_). Then the problem (1-4)—(1-5) has at most
one solution.

The proof of Theorem 1-1 rests on the unique continuation principle [14, p. 65]
and the following result due to Weder [21, lemma I].

Lemya 1-1. If u € Ly(E(R)) satisfies (1-7) in distribution sense in E(R) for some
R > 0. Then u = 0 almost everywhere in E(R), where E(R) = {z € R""!||z| > R}.

By the unique continuation principle and Lemma 1-1 it follows that in order to
show Theorem 1-1 it is sufficient to prove that v € Ly(E(R)) for some R > 0. This
will be done using Mourre’s commutator method [4, 15, 16].

Consider now the damped equation

—Au, — (A +ie)uu, = pf in R™ (1-8)

where € # 0 and u, € H*(R™"). For this equation the standard Ly-solution theory



180 Bo Zuaxa

is applicable and from the Lax—Milgram theorem and elliptic regularity estimates
we have the following result concerning the unique solvability of (1-8).

LemMA 1-2. For any f € Ly(R™1) there exists a unique solution u. of (1-8) in the
space H*(R™Y and u. satisfies the estimate

HUEHQ,—Q < C(”f”(),—a + HU6||0,—a) (1-9)

Jor any o = 0, where C is a positive constant independent of €, f and u.. (For simplicity
C will denote a constant which may have different meaning at different places.)

For the solution u. we shall establish the following a priori B — B* estimate.
TarOREM 1-2. Let f € B(R™) and u. be the solution of (1-8). Then
V]

B+ |JucllB- < Cfl 5 (1-10)

Remark 1-2. Let A be the Hilbert space consisting of all functions in Ly(R™")
with the scalar product

(w,v) = /w(z)ﬂ(2)0_2(2)dz.

As is easily seen, the perturbed acoustic propagator H = —C?(z)A is a positive self-
adjoint operator in /# with domain

D(H)={ve #|Av e #}=HR"").
Denote by R(&; H), I€ =+ 0, the resolvent of H, that is, R(&; H) = (H —&)~'. Then the

limiting absorption principle for H has been obtained previously in [2, 3,5, 7, 19-21,
23], which implies that

IR +ie: H) fll-a < [ flla (1-11)

for e + 0 and A > 0, R(\ +ie; H) f converges to R(\ +i0; H) f strongly in Ly “(R™*")
for f € L$(R™") with a > 1 and R(A +i0; H) f is Hoelder continuous in A. On the
other hand, since the solution of (1-8) can be written as u. = R(A + i€; H) f, then by
Theorem 1-2 we have

[R(A +ie: H) f|

5= < C|fl s, (1-12)

for € # 0, which implies the existence and the uniqueness of the weak-* limit in
B*(R™") for R(A+ie; H)f as €| 0, when f € B(R™!), and XA > 0. This result follows
from the above B — B* estimate, the density of L$(R™"") in B(R™"") for @ > § and
the existence of the boundary values R(A+i0; H) in the L§ — Ly topology for o > 1
(see above). This result is optimal in the sense that for each A > 0, there is a dense
open subset of B(R™*!) for which convergence to the weak limit can not be improved.

Theorem 1-2 gives the a priori B — B* estimate for u., which plays an important
role in proving the limiting absorption principle and in establishing existence of
solutions to the problem (1-4)—(1-5). The proof of Theorem 1-2 is done by an operator
theoretical approach based on Mourre’s commutator method and is different from
that proving the a priori estimates in [2, 7, 19-21, 23]. A B — B* estimate was
first obtained using Mourre’s commutator method by Jensen and Perry [11] for a
class of generalized N-body Schroedinger operators. Their argument is used in this
paper to get a B — B* resolvent estimate for the unperturbed acoustic propagator.
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Using this result, together with Theorem 1-1 and a compact argument, we are able
to prove Theorem 1-2. We should remark that by using a commutator estimate for
the perturbed acoustic propagator (see |5, 6]), Theorem 1-2 follows directly from the
argument in [11]. This, however, requires much stronger assumptions on the sound
speed C(z) than those made in this paper (see |5, 6]).

The commutator method was first developed by Mourre [15] to prove the princi-
ple of limiting absorption for three-body Schroedinger operators and its application
has been extended, for example, in [8, 10, 13, 16, 18] to various spectral problems
of N-body Schroedinger operators and others. In these works, it has been used to
prove the limiting absorption principle ([16]), to show the non-existence of positive
eigenvalues (|8]), to study the resolvent smoothness as a function of energy ([10]),
to establish the low frequency asymptotics of resolvents (|13, 18]) and to prove the
limiting amplitude principle (|13, 18]). In the present work, it is seen that this re-
markable method is also useful in determining the asymptotic property at infinity
of the boundary values of resolvents. The asymptotic behavior at infinity is very
important in the study of the associated boundary problems since from it a radia-
tion condition can be obtained, which ensures the uniqueness of the solution to the
problem. So the unique solvability of the boundary problem could be established.

The remaining sections are organized as follows. In Section 2 certain results are
presented for the resolvent of the unperturbed acoustic propagator. Theorem 1-1 is
proved in Section 3 and Section 4 is devoted to the proof of Theorem 1-2.

2. Commutator method

In this section we shall prepare fundamental results concerning the resolvent of the
unperturbed acoustic propagator Hy = —C3(y)A. Similarly as in [5, 6] we consider
the unitarily equivalent operator of Hy,

H, = U()[f[(,U“*l,

where U, is an operator from LZ(R”“;CO_Zdz) to #Hy = Ly(R":dz) = LyR™M)
defined by

Ush = Cy'p, ¢ € LyR™': G dz).
Then Hy, = —CyAC; is self-adjoint on #, with domain
Hy = D(Hy) = {p € H|CoACy) € H o},

where

%1 = {7ﬁ € %(;|V00w € %0}.

It is noted that if ¢ € #, then Cytp € H*(R™) N Ly(R"*!; C;*dz) and ¢ € H,.
Let n € C*°(R) be such that 0 < n < 1, n(t) = 1 for t < —h and ¢t > 2h, n(t) = 0 for
—h/2 <t < 3h/2, and let us define

Ay = Y@V + V- z+n(y)yd, + 0yn(y)y). (2-1)

Then A, is the generator of a dilation unitary group in R™*!. The following series of
results have been established by [5, 6].

THEOREM 2-1. The pure point spectrum op,(Hy) of the operator Hy is empty.
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Lemma 2-1. (a) The commutator form [Hy, Ay] = HyAy — AgHy, defined on D(Ag) N
D(H,), extends to a bounded operator from H*(R™™) to #;

(b) The commutator form [[Hy, Ao], Ao], defined on D(Ay) N D(H,), extends to
a bounded operator from H*(R™') to H 2(R™ 1), where H 2(R™!) is the dual of
H*R™).

LeMMA 22, For any X > 0, there exist a function g € C°(R™Y) and a constant 3 > 0
such that g = 1 on a small neighbourhood of X\, 0 < g < 1, and

My = g(Ho)[Ho, Aolg(Hy) > Bg(H,)?, (2-2)
where R™ denotes the positive real axis.

Lemya 2-3. For any g € CP(RY), the commutators |g(Hy), Ay] and [ My, Ay| are
bounded on H .

Levvma 24, Let g € CP(RY). Then for any non-negative o < 1, the operator
(2)7g(Hy){(Ap)™ is bounded on H .

Remark 2-1. Theorem 2-1 was proved by [6, theorem 1-3] and [21, lemma I|. In
fact, Theorem 2-1 is a special case of theorem 1-3 of [6] and lemma I of [21]. In
[6, 21], the absence of positive eigenvalues were proved for more general operators
than H, here.

Remark 2-2. Lemmas 2-1-2-4 have been proved by [5, 6]. It should be mentioned
that these results were verified in |5, 6] for more general operators H, and A, com-
pared with ones considered here, and for our special operator H, the operator A,
introduced in [5, 6] can be taken as in (2-1).

THEOREM 2-2. Let G(§) = (Hy — &)™ with I * 0.
(i) If o > é, then
[{(z)"*G(A+ir)(z)" || < C (2-3)

SJor any A > 0 and T > 0, where C is a constant independent of T.
(i) For every X > 0 and o > 3, the norm limit

G(A +40) = lim G(\ +147) (2-4)

)0
exists as a bounded operator from LS(R™1) to Ly *(R™).

This theorem was proved in [5, theorem 1-1] for XA € R+\Upp(fL(; ), where
I:I{‘,’ = —C3(y)0*/0y* and Upp(ﬁ((;) is the pure point spectrum of the operator H,.
From [6, theorem 2-1(a)] it follows that Upp(ﬁ(‘)}) = ¢ and hence Theorem 2-2 is true.
It should be mentioned that in [5, 6] more general operators H, were considered.

The following result can be easily proved by following exactly the same argument
as used by Jensen and Perry in [11].

THEOREM 2-3. Let A > 0. Then

sup G+ 1) fll=- < CVIfllB (2-5)

for any f € B(R™™M), where C(N) is independent of f and can be chosen uniform in A
running over a fixed compact subset of R
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For any A > 0, take g € C§°(R") such that Lemma 2-2 holds and set M = M,. By
Lemma 2-2, M is non-negative definite and hence there exists a inverse
G(e, &) = (Hy — & —ieM)™!

of Hy — & —ieM for e > 0 and £ = A + i1 with 7 > 0. By Lemmas 2-1-2:4, the
following lemma can be proved in exactly the same way as in the proof of lemmas
7-3,7-6, 7-7 and theorem 7-8 in [16] (see also [17, propositions 2-5-2-7]).

LemMA 2-5. For sufficiently small €y, G(€, ) is bounded on 'y for 0 < € < € and
0<7<1;and

1

i) GEOE) N, 1G™ (e &(z) " < Ce 2 (2:6)
(i) (A Ge &I, [I{A) G (e, &)l < Ce (2:7)
(i) GO, G (e8] < Ce s (2:8)
(iv) (1= g(H)G I <C, (1= g(Hy)G (€, )] < (2:9)

where o > 1, C'is a constant independent of € and T, G* denotes the conjugate of G and
| - || denotes the operator norm when considered as an operator from Hy into itself.

Remark 2-3. The estimates (2-8) and (2-9) remain true if the operator norm || - ||
is replaced by the norm as operators from #, into H*(R™*!") (see lemma 7-3(d) in
[16]).

Remark 2-4. The norm limit

G(A+i0) = lim G(e, A) (2-10)

holds as a bounded operator from L$(R™!) to L, *(R™"!) and the estimates (2-6)—
(2-9) remain true for 0 < € < ¢, and £ = A. These results can be easily verified in
exactly the same way as in [17, proposition 2-10].

Prorosition 2-1. If ¢ € LY(R™) and I(¢p, G(A +i0)¢) = 0, then G\ + i0)¢ €
LyP(R™) for any B > 0, where o > L.

The idea of proof is similar to that used by Tamura [17, proposition 2-11] and
Iwashita [9, proposition 2-7], where the case when o = 1 has been proved, and the
proof will be done through several lemmas.

LemMA 2-6. For any i € Ay and o > % we have

d
2V XalO)Gle, M) Xal€)))
< Cpe H([IGle, N Xa(Y] + |G (e, N Xale)p] + Cy),  (2:11)
where X, (€) = (z)"*(ez)* " and Cy = C||¢|| with a positive constant C.

Proof. The argument is similar to that used in the proof of lemma 2-8 in [8]. For
brevity, we write G(€) for G(e, A). Let F(e) = X, (€)G(e) X (€). We have (d/de)F(e) =
P+ P, + @, where

= [(d/de) Xa(€)|G(€) Xal€) = Delz[*(ez) " F(e),
P, = Xo()G(9)[(d/de) Xole)] < — 1)eF () 2]*(ez) 2,
Q =1 X, (e)G(e) MG (e) Xy (€).
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We decompose ) as
Q=0 +Q2+ Q3+ Qy,
where
Qi = —iXa(G(E — g(Ho)[Ho, Au)(1 = g(Hy))Gle) Xae),
Q2 = —iXa(e)G(e)(1 — g(Ho))[Ho, Ao]g(Ho)G(€) Xa(e)
—iXa(€)G(e)g(Ho) | Ho, Aol(1 — g(Hy))G(€) Xale),
() Hy —ieM — A, Ay|G(e) Xa(e),

Q3 = iXqu(e€)
Qs = —eXo(6)G(e)| M, Ap|G(e) X o (€).
Thus, we have
4
(d/de) (), F(e)y) = (¥, Pip) + (¥, Pyb) + > (¥, Q;%). (2-12)
Jj=1

A direct calculation yields

(@, Prp)| < Cype® M| Ge) Xa(e)yl, (2:13)
(1, Pa)| < Cype |G () Xa(e)¥]- (2-14)

Since
(1 — g(H)Gle) = (1 — g(H)GA{ieMGle) + 1}, (2-15)
then from (2-8), (2-9), (2-15), Lemma 2-1(a) and Remarks 2-3 and 2-4 it follows that
(0, Q)| < ClYIl[[GH () Xal)]| < CyllG™(€) Xale)P], (2-16)

(¥, Q)| < Cyl|(Ho +1i)g(Ho)G(e) Xa(€)Y]] < CyllGle) Xal)]l,  (2:17)

where use has been made of the commutability of 1 — g(H,) with G(e). Expanding
the commutator in ()3 and taking into account the definition of G(e), we find

(¥, Qsv) = (¢, [ Xa(€) AG(e) Xal€) — Xa(€)G(e) Ao Xa(e) [¥)

= (¥, Xa(€)AyG(€) Xa(€)Y) — (Xa(€)AGT () Xa(€)y), 1)

=1+ 1. (2-18)
Estimation of I is as follows:

11| < (|l Xa () Ao(Ho + ) [[(Hy + 1)g(Ho)G(e )Xa(GWH
+[(Ho +4)(1 — g(Ho))G (€y|]-
We have
(| X o ( AO(H“ +1)7| < Cev |
[(Ho +i)g(Ho)G (@]l < G(e) Xale)l]-

On the other hand, by (2-15) and the fact that ||(H, + )(1 — g(H,))G(N\)| < C, we
obtain

[(Ho +9)(1 — g(Hy))G(€) Xa(e)]| < Cle]|Gle) Xale)Y|| + Cy).
Hence

1] < Cupe®™H(Cy + |G Xale)p]). (2-19)
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Similarly,
|| < Cye™H(Cy + (|G () Xale)p])- (2-20)
We thus deduce from (2-18), (2-19) and (2-20) that
(10, Qs)| < Cye™H(Cy + Gl Xal)p ]| + G () Xal)])- (2-21)
Finally we evaluate by using Lemma 2-3 and (2-8),
(¥, Qub)| < Cy[|Ge) Xa(e)d]- (2-22)

Combining (2-13), (2-14), (2-16), (2-17), (2-21) and (2-22) leads to the estimate (2-11).
The proof is complete.

LeMMA 2-7. Let ¢ € H o and I(1p, Xo(0)G(A +1i0) X, (0))) = 0. Then
|G(e)Xa(e)]| < Ce"
Jor any n > 0, where o > 3.

This lemma can be proved using Lemmas 2-5 and 2-6 in exactly the same way as
in the proof of lemma 2-9 in [9].

LEMMA 2-8. Let 8> 0. Then

IGe. X5, 16" (€ OXs,  1Xs(e)Ge, O, I Xp(e)G (e, )] < Ce’~' 77
(2-23)
Jor any n > 0, where £ = X+ i1 with A > 0 and 0 < 7 < 1, and C is a constant
independent of €, &, B and 1.

Proof. We prove the first estimate in (2:23) and others can be proved similarly.
For brevity, we write G(¢) for G(e, §). Let F(e) = X(e)G(e) Xg(e).

First of all, using exactly the same argument as in the proof of lemma 7-6 in [16]
and Lemma 2.5, it can be easily shown that

G X, G (Xs(e)| < C(1+ e 2[[F(e)]|7). (2-24)

Next, from the proof of Lemma 2-6 it can be seen that the inequality (2-11) also
holds for A and a replaced by & and 3, respectively. This, together with (2-24), implies
d
de
Since, by (2-8), ||F(e)|| < ||G(e)]] < Ce ', then it follows from (2-25) that
||(d/de)F(e)|| < Ce’~2. Integrating the above inequality from e to €, leads to the

result that ||F(e)|| < CeP~'. From this and repeating the above argument n times
we arrive at

<O (1 +e 2 5). (2-25)

F(e)

F(e)

| F(e)|| < Ce™1TATA/ZH8/2" = 0 2B—1=8/2"
This, together with (2-24), implies that
IGEOXs()ll, G () Xple)l| < CeP1 =07
For any 1 > 0, choose n such that n > 3/2"*! to obtain
IG(e) Xs(e)ll, G () Xal(e)]| < Ce”~'

The lemma is proved.
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Proof of Proposition 2-1. Let ¢ = X,(0)¢ with ¢ € #, and let 8 < 1. Put F(e) =
X3(e)G(€) Xa(€), where G(€) = G(e, A). We then prove
[E ()l < (2-26)
for a constant C independent of €, 8 and a. If (2:26) is true, then taking € = 0 in
(2-26) implies that G(\ +1i0)¢ € L;B(R”“ ), which proves the proposition.
To prove (2:26), we differentiate F'(e) with respect to € and obtain (d/de)F'(e) =
P = (8 = Dh(2)Xs(e)G(€) Xale)t),
Py = (a = 1) Xp(e)G(e)h(2) Xa(€)p),
Q =iXp(e)G(e)MG(e) Xale)),
where h(z) = €|z|?(ez) 2. By Lemma 2-7, we find
1P| < Ce” [ Gle) Xa (]l < O™ (2:27)
for any n > 0. It is seen from Lemmas 2-7 and 2-8 that
QI < ClIXp(e G IGle)Xa(@)pl] < Ce=H7, (2:28)
since M is bounded on J#,. To estimate P», we write P» as follows:
Py = (a — D{Xp(e)h(2)G(e) Xa(e)Y +iX5(e)G(e) (€| M, h])G(e) Xa(€)y)
+Xp(€)G(e)[h, Ho|G(€) Xa()¥} = (v — D{I1 + Iy + I3} (2:29)
Since M is bounded on #,, then ||e[M, h]|| < C and therefore, by Lemmas 2-7 and
2-8, we have
I < Cl[Xs(a)h(2) [ Gl Xale)d]

< P—1- - (2-30)
I, < Ol Xp()G(ol[|Gle) Xale)¥|

<
< CePtmm, (2-31)

QQ

A direct calculation of the commutator |k, Hy| gives
[h, Hy] = C2(Ah + 2Vh - V) = C3{Ah + 2h(2) Ay — (n + 1)k, (z)},

where |Ah| < Ce, hi(z) = e{ez) *[1 — eh(z)] with [hy(2)| < Ceand [(z)h(2)| < C, and
Ay=2-V+ n+1/2 Noting that A, = A(. (n(y) — D)yd, — [(n (y)—l +yn'(y)]/2,
we have

[h, Hy| = Co{AR — hy(2)[(n(y) — 1) +yn'(y) + n + 1]
—2hy(2)(n(y) — 1)yd, + 2h((2) Ao} = Co{Jy + Jo + J3 + J,}.

Thus, I3 can be decomposed as Iy = Z;Zl I5;, where
Lj = Xp(e)G(eCT ;GO Xalep), (7 =1,2,3,4).
It follows from Lemmas 2-7 and 2-8 that
11| < Cel| Xp(OG@GOXale)l| < C770 (j=1,2).  (2:32)
Using Lemmas 2-5(iii) and 2-8 in conjunction with Remark 2-3 it is found that

[ Ls]| < Cel| Xa(e)G()||G(e)[lo—z < Ce?~' 77, (2-33)



Wave propagation in stratified fluids 187
where || - [|o_2 denotes the operator norm as operators from #, into H*(R™*!). To
estimate I3y, we make use of Lemma 2-8 and get

[ I34]] < Cl| Xp()G(e)|[|h1(2)AG (el
< CeP~ ' ”||< > "A)G(e) X (€)Y = CP171T. (2-34)

On the other hand, using Lemma 2-4, (2-15) and Lemma 2-7, we obtain

< ()" Avg(Ho)G (€l +[|{z) " Ao(1 — (H(,)) (vl
< C{[|G(e) Xal ¢H + || H(, +i)(1 — g(Hy))G ¢||}
< C{lIG(OXale)p]| + 1} < Ce . (2:35)

Now combining the estimates (2-32), (2:33), (2:34) and (2-35) it is obtained that
| I3]] < CeP~'=27. This inequality together with (2-30) and (2-31) gives the result that
| P2|] < CeP~'=27. Hence, it is seen on combining the above inequality with (2-27)
and (2-28) that ||(d/de)F(e)|| < Ce®~'=21. Take n such that 8 — 31 > 0 for arbitrarily
fixed 3 to obtain that ||(d/de)F(¢)|| < Ce"='. Integrating the above inequality with
respect to € from € to €, yields

[E @I < [[F(eo)ll + 1 < [[Gleo)ll + 1,

which, together with (2-8), implies (2-:26). The proposition is thus proved.

3. Proof of Theorem 1-1

In this section we prove Theorem 1-1. In view of the unique continuation principle
and Lemma 1-1 it is enough to show that u € /. This will be done through several
lemmas.

LeMMA 3-1. We have (|u] + |Vu|) € B*(R™") and
1
lim / (|0yul® + |ul*)dx = 0, (3-1)
Rooo B Jog)

where O,u = 2 - Vu and 2 = z/|z|.

This lemma can be easily proved by multiplying (1-7) by @, integrating over Q(R),
taking the imaginary part of the both sides of the equation thus obtained and making
use of (1-5) and Schwarz’s inequality.

Lemyva 3-2. u € Ly 7 (R™) for any 3 > 0.

Proof. Take ¢ € COO(R+) sothat 0 < ¢ <1, p(t) = 1for 0 <t < 1 and ¢(¢) = 0 for
t > 2. For R > 1, set ¢r(z) = ¢(|z|/R) and ur(z) = ¢r(2)u(z). Then ur € H*(R™"")
and from (1-7) we have

—Augr — AMpour = gr  in R", (3-2)

where gr = ¢rg — 20,0r0;u — uAdr and g = A(p — po)u. By Lemma 3-1 and
(C3), g € L$(R™") with & = 1 +6/2. Since ug has compact support in R™!, then
VR = C(fluR € D(Hy) C #, and (3-2) is equivalent to

(Hy = A)vr = fr, (3-3)
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where fr = Cygr. It follows from (3-3) that vg = G(A + i€)| fr — tevgr], which, along
with Theorem 2-2(ii) and the fact that fr and v have compact support, gives
vr = lim GA + i) fr —ievp] = GA +i0)fr (3-4)
strongly in Ly “(R™*1).
Set v = G(A +40)f with f = Cyg. Then by (1-6) and Theorems 2-2(ii) and 2-3 we
find

lor = vll-a < vk = vl

- <C|fr—fls (3:5)
for some constant C' > 0. Since by the definition of ¢z and B(R™*")

Ifa—fI%<C [||<¢>R - gl + [

Q(R,2R)

Fal0nl + )|

. 1 5 ;
<Cllonvalls+ 55 [ Qo+l oo
(2R)

where Q(Ry, Ry) = {z € R"™|R; < |z| < Ry}. The first term on the right-hand side
of the last inequality of (3-6) tends to zero as R — oo and the second one goes to
zero as well by use of (3-1). This in conjunction with (3-5) and (3:-6) implies that vg
tends to v strongly in Ly *(R™""). However, by the definition of vg it is seen that vg
converges to C; 'u strongly in Ly *(R™!). Hence, u = Cyv = C,G(\ +i0)f. On the
other hand, since u satisfies the equation

—Au— M\gou =g in R™™,
it then follows by using (3-1) that

3(f,G(A+1i0)f) = 3(g,u) = — lim inf 3/ u0yuds = 0.
S(R)

This together with Proposition 2-1 implies
u=CyG\+i0)f € L, "(R™)
for any 3 > 0, since f = Cyg € L$(R™") and @ > 1. This proves Lemma 3-2.

Remark 3-1. By Lemma 3-2 and elliptic regularity estimates it can be shown that
u € H? 5(R™") for any 3 > 0.

LEMMA 3:3. u € .

Proof. Let ¢, (z;a) = (1 +7|2))~%/? with 0 < 7,a < 1 and v,(2) = ¢-(2; a)u(z).
Then v, € H*(R™"), by Remark 3-1, and satisfies

_AUT - A/'I/(',UT = hla (37)
where

hl('z) = ¢Tg +

2a|2] 3ar at?(2 — a)|z?
— 50 S = . vy

1+7|z]2 1+ 7|z (1 +7|2?)?

Set v = Cy 'v,. Then

Hyv — v =nh, (3-8)

where h = Cyh;.
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Take gy € C{°(R") such that Lemma 2-2 holds. Set f, = 1 — go. Since the operator
G(X +140) fo(Hy) is bounded, it follows from (3-8) that

[ fo(Ho)v|| < C|[R]]. (3-9)
Next, since go(Hy)v solves the equation
(Ho — A)go(Ho)v = go(Ho)h, (3-10)
we obtain by using Lemma 2-2
Bllgo(Ho)vl|* < ([ Ho, Ag|w, w), (3-11)

where w = gy(Hy)v. Take ¢ € C;°(R") so that 0 < ¢ < 1, 9(t) = L for 0 <t < 1
and ¥(t) = 0 for t > 2. For R > 1, set ¥g(2) = ¥(|z|/R). Integrating by parts and
utilizing the definitions of [H,, Ay] and A, yields that

([Ho, Ao|w, w) = I%ij}’loo([HO’ Aplw, Yrw) = 2 I%iinoo R(How, YrAyw), (3-12)

Tim_ R(w, v Ag) = 0. (3-13)
Using (3-10)—(3-13) it is derived that
Bllgo(Ho)vl]* < 2 lim R(Hyw, YrAgw) =2 lim R(gy(Hy)h, PrAow)
=2 lim R(h, go(Ho)Ao(Yrw)).  (3-14)
Lemma 2-4 implies

2R (R, go(Ho)Ao(rw))| < 2||(2)R||[|(2) ™" go(Ho) Ao ||| rw]|
< ollprw|? + C()h]*  (3-15)

for any o > 0. Take o0 = 3/2 and make use of (3-14) and (3-15) to obtain
lwll < ClI{z)R]- (3-16)
Now combining (3-9) and (3:16) we deduce
[oll < llgo(Ho)v|| + [[w]| < Cl{2)hll < C{I{2)0-g]l + a(|Oro- | + [[o- )} (3-17)
On taking into account (C3) and the definition of g it is seen that for large R > 0
1(2)6-gll < CR™°||v-[| + Crllvsllo.om) (3-18)
with C independent of R. Utilizing (C2) and (3-7) we obtain
IVor | < C(ll | + llo-1l) < @0 || + Crl| O lloaer) + [lv- )

for large T' > 0. The first term on the right-hand side of the above inequality can be
incorporated into the left-hand side for sufficiently large T" and we have

Vo || < C(l|oz|| + [|0rv7Jo.0er))- (3-19)
As a result of (3-17), (3-18) and (3-19), we find
lvll < Cla+ R™)|joll + Crllvlliam

for R > T, where use has been made of ((2) and the fact that v = C; 'v,. Taking R
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large enough and o small enough yields ||v|| < Cgl|v]1,or). Letting 7 — 0 we arrive
at the result

[ull < Crllulliom < oo,
that is, u € #,. The proof is complete.
Proof of Theorem 1-1. Lemmas 3-3 and 1-1 combined with the unique continuation
principle imply that « = 0 almost everywhere in R"*!'| which proves the theorem.
4. A priore B — B* estimales

In this section we make use of Theorem 1-1 to prove Theorem 1-2. To this end,
let u. € H*(R™1), 0 < € < 1, be the solution of (1-8). We then prove the following
result first.

TaroREM 4-1. Let f € B(R™"). Then
V| B < C{lIfl5 + lucllo.am} (41)

B+ [lue
Jfor some fixed T > 0.
Proof. Let f. = (A +i€)(u — po)ue and set v, = C'(,_lue. Then v. € D(H,) and

Hyve — (A +ie)v. = f, (4-2)

where f = Cy(uf + f.). We thus have
ve = G\ +ie)f.

By Theorem 2-3, it follows that
e =[G +iafls- <C|flls (+3)

[[oc]
for any 0 < e < 1. The assumption (C2) implies
1flls < CUIflls + [ fellB), (4-4)
whilst assumption (C3) combined with relation (1-6) yields that, for a« = 1 +6/4,
el < Ifelle < Cllluell o + B Nlucla} < Clllvell§ am + B°llvellpe} (4:5)
for sufficiently large R > 0, where C is independent of R and use has been made of
the fact that u. = Cyv.. Combining (4-3), (4-4) and (4-5) gives
B < Cr{llfll5 + [luclloam}- (4-6)

Let v € CP(R™), 0 < ¢ < 1,9 = 0 for |z| > 2 and ¢ = 1 for |z] < 1. Set
Ygr(z) = ¥(z/R). Then multiplying (1-8) by ©gri. and integrating by parts over
R"™*!, we obtain on using Schwarz’s inequality

[lue|

IVl < Co{llfI5 + lluells} + ol Vel (47)

for arbitrarily small o > 0. Take o small enough to obtain
Vel < CLIfll5 + lluell 5}, (4-8)
which together with (4-6) implies the estimate (4-1) for some T' > R. The proof is

complete.
We are now ready to prove Theorem 1-2. This will be done by removing the term
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l|tee o,y on the right-hand side of (4-1) using a compact argument combined with
Theorem 1-1.

Proof of Theorem 1-2. To prove Theorem 1-2 it is sufficient to prove that there is
a constant C' > 0 such that for all € € (0, 1],

[ucllo.om < Cllflls- (4-9)

If (4-9) were false, then there would be a sequence {e,, } ° such that a,, = ||u.,,
tends to infinity and €,, tends to some 7 with 0 <7 < 1 as m — oo. Set

0,Q(T)

Um = uem/amv fm = f/a’m

Then v, satisfies (1-8) with €, f replaced by €,,, f., respectively, and by Theorem
41

IV om|

B+ vmll e < C{llfmll5 + 1} < o0. (4-10)

Rellich’s selection theorem along with (4:10) and standard elliptic estimates asserts
that there is a subsequence of {v,, }, which is simply denoted by {v,,}, such that v,,
strongly converges to some u in H*(Q(R)) for all R > 0 as m — oco. From Lemma
1-2 and the fact that a sequence converging in Ly(Q(R)) for all R > 0 and bounded
in B*(R™") is Cauchy in any Ly *(R™"!") with a > 1, it follows that v,, also strongly
converges to uin H2 (R™!) with a > 1 as m — oo. It is clear from Lemma 1-2 that
it is enough to check the case when 7 = 0. We first notice that u satisfies (1-7) and

1Vl

px T+ ||U| B < C < . (4-11)

Next, we show that u satisfies the radiation condition (1-5) as well. Then Theorem
1-1 yields that u = 0 almost everywhere in R™*!', which contradicts the fact that
llvmllo,oer) = 1, and proves (4-9).

Since vy, satisfies (1-8), then it can be derived, in the same way as that used at the
beginning of the proof of Theorem 4-1, that v,, = CoG(\ + iem)fm, where

frn = Co{ o + (X + i) (1 — 10)0rm }-
By virtue of Theorem 2-3, (C3) and the relation (1-6), we find
G\ + i€m) fmn — GA+1i0)f

strongly in Ly “(R™') with § < o < 1 +6/2 as m — oo, where f = Cor(p — po)u
and, by (4-11) and (C3), fe LYR™1) c B(R™!). Consequently, we have

u = CyG(\ +1i0)f. (4-12)
Using the defintion of v,,, and fm we obtain that

3(fons GO+ i€m) fin) = 3(fims V) + €[4 — o]V V).

In view of (C3) and the fact that ||v,,||p- is uniformly bounded and v,, strongly
converges to w in H2 (R™"') with & > { as m — oo, the right-hand side of the above
equation tends to zero as m — oo, whilst the left-hand side tends to 3(f, G(A+10) f),
so that 3(f, G(A+i0)f) = 0. Thus, by Proposition 2-1, u = C,G(A+i0) f € Ly’ (R™1)
for any 8 > 0, which implies that u satisfies (1-5). The theorem is thus proved.
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