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UNIT 8.5 - VECTORS 5

VECTOR EQUATIONS OF
STRAIGHT LINES

8.5.1 INTRODUCTION
We shall assume that

(a) the position vector of a variable point, P(z,y, z), is
given by

r=ax1+yj+ zk.

(b) the position vectors of fixed points, such as
P1(x1, 41, z1) and Py(xs, yo, 22), are given by

11 = xi+ yij+ 21k, 19 = 20l + Yo + 20k.



8.5.2 THE STRAIGHT LINE PASSING
THROUGH A GIVEN POINT AND
PARALLEL TO A GIVEN VECTOR

We consider a straight line passing through the point, Py,
with position vector, ry, and parallel to the
vector, a = a1 + aqj + ask.

But

for some number ¢



Hence,
r =11+ ta,

which is the vector equation of the straight line.

The components of a form a set of direction ratios for the
straight line.

Notes:

(i) The vector equation of a straight line passing through
the origin and parallel to a given vector a will be of the
form

r = ta.

(ii) By equating i, j and k components on both sides of
the vector equation,

r=x1+at, y=1y +ast, 2z =21+ ast.

[f these are solved for the parameter, ¢, we obtain

=1 Y—y1 <—=~

aj a9 as




EXAMPLES

1. Determine the vector equation of the straight line pass-
ing through the point with position vector,
i — 3j + k, and parallel to the vector, 21 + 3j — 4k.

Express the vector equation of the straight line in stan-
dard cartesian form.

Solution

The vector equation of the straight line is
r=1i-—3j+k+1t2i+3j — 4k)
or
ri+yj+zk=(1+20)i+(-3+3t)j+ (1 —4)k.

Eliminating ¢ from each component, we obtain the
cartesian form of the straight line,
r—1 y+3 z-1
2 3 =4




2. The equations
sr+1 y—1 —2+5

2 2 3

determine a straight line. Express them in vector form
and find a set of direction ratios for the straight line.

Solution

Rewriting the equations so that the coeflicients of x,
y and z are unity,

:1:+Z1))_y—1 Z—09

; .
2 2 -3

Hence, in vector form, the equation of the line is

1 2
r:—gru+ﬁk+tgr+ﬁ—3g.

Thus, a set of direction ratios for the straight line are

?):2:—301"2:6:—9



3. Show that the two straight lines
r =11 +tag and r=ry+ fay,
where

Q:i+j+k, a2:—2i—2j,

have a common point and determine its co-ordinates.
Solution

Any point on the first line is such that
r=t, y=1+2t, z=-—t,

for some parameter value, t; and any point on the
second line is such that

r=1—-2s, y=1—-12s, z=1,

for some parameter value, s.

The lines have a common point if ¢ and s exist such
that these are the same point.

In fact, t = —1 and s = 1 are suitable values and give
the common point (—1,—1,1).



8.5.3 THE STRAIGHT LINE PASSING
THROUGH TWO GIVEN POINTS

If a straight line passes through the two given points, P4
and P», it is certainly parallel to the vector

a=P1Py= (2o —z1)i+ (12 —1)j + (22 — 21)k.

Thus, the vector equation of the straight line is
r =11 + ta,

as before.
Notes:
(i) The parametric equations of the straight line

passing through P and Py are

r=x1+(xo—x1)t, ¥y = n+(yo—y1)t, 2= 21+(z0—21)t.
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The “base-points” of the parametric representation (that
is, P; and Py), have parameter values t = 0 and ¢t = 1
respectively.

(ii) The standard cartesian form of the straight line pass-
ing through Py and Py is

L—T1 Y-y <2<

To — Iq Yo — Y1 29 — 21

EXAMPLE

Determine the vector equation of the straight line passing
through the two points, P1(3, —1,5) and

Po(—1, —4,2).
Solution

OP; =31 —j+ 5k
and

PPy = (—1-3)i+(—4+1)j+(2—-5)k = —4i—3j—3k.

Hence, the vector equation of the straight line is

r = 3i — j + 5k — t(4i + 3j + 3k).



8.5.4 THE PERPENDICULAR DISTANCE
OF A POINT FROM A STRAIGHT LINE

For a straight line, [, passing through a given point, A,
with position vector, a and parallel to a given vector, b,
we may determine the perpendicular distance, d, from
this line, of a point, C, with position vector c.

l

From the diagram, with Pythagoras’ Theorem,
d* = (AC)* — (AB)*.
But AC =c¢ — a, and so

(AC)?*=(c—a) e (c—a).

Also, the length, AB, is the projection of AC onto the
line, [, which is parallel to b.

Hence,



From this result, d may be deduced.
EXAMPLE

Determine the perpendicular distance of the point, (3, —1,7),

from the straight line passing through the two points,
(2,2,—1) and (0, 3,5).

Solution

In the standard formula, we have

a=2i+2j—j

b=(0—-2i+B-2)j+bB—-[-1)k=-2i+j+06k

b=(—2)2+12+62 =41

c=3i—j+ 7k,
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and

c—a=3-=2)i+(-1-2)j+(7—[-1))k =i—3j+8k.
Hence, the perpendicular distance, d, is given by

d*> =

()(=2) + (=3)1) + (8)(6) _ _, 43

&l R

12 +(—3)°+8—

which gives d ~ 8.20

8.5.5 THE SHORTEST DISTANCE BETWEEN
TWO PARALLEL STRAIGHT LINES

This will be the perpendicular distance from one of the
lines of any point on the other line.

We may consider the perpendicular distance between the
straight lines passing through the fixed points, with po-
sition vector 11 and ro, respectively and both parallel to
the fixed vector, a.
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These two lines will have vector equations

r=rog

+ta and r =ry + ta.

In the diagram, F' is the foot of the perpendicular onto
the second line from the point Py on the first line.

The length of this perpendicular is d.

Hence,
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EXAMPLE

Determine the shortest distance between the straight line
passing through the point with position vector 1| = 41 —
j+k, parallel to the vector b = i1+ j+k, and the straight
line passing through the point with position vector ro =
—21+ 3j — k, parallel to b.

Solution

From the formula,

_{(—6i+4j—2k) . Gﬂﬂ{)r-

V3
That is,
—6+4-2)° 16 152
d? = (36 + 16 + 4 _{ ] 16

which gives

d~T7.12
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8.5.6 THE SHORTEST DISTANCE BETWEEN
TWO SKEW STRAIGHT LINES

Two straight lines are said to be “skew” if they are not
parallel and do not intersect each other.

It may be shown that such a pair of lines will always have
a common perpendicular (that is, a straight line segment
which meets both and is perpendicular to both).

[ts length will be the shortest distance between the two
skew lines.

Consider the straight lines, whose vector equations are

r=ry+ta and r =19+ tay.

Let the point, My, on the first line and the point, My, on
the second line be the ends of the common perpendicular.

Let My amd My have position vectors m; and ms, respec-
tively.

Then, for some values, ¢t; and ¢y, of the parameter,

m; =1y +t1a; and my = 1o + toas.
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M,

Firstly, we have

M1M2 = 19 — 1N = (1;2—1;1> —i_tQ@_tlﬂ.

Secondly, a vector which is perpendicular to both of the
skew lines is a; X ag.

A unit vector perpendicular to both of the skew lines is
al X a4
a1 x ag|

This implies that

(1“2 — 1"1) + t2a2 — t1a1 = ﬂ:dw,
- T a1 X ay)

where d is the shortest distance between the skew lines.

Finally, taking the scalar (dot) product of both sides of
this result with the vector, a; x ag, we obtain
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2
(rp—11) ® (aqxaQ):j:dmxaQ‘

a1 x ag| |
giving

(rg —11) ® (a1 X ap)
a1 X ag

d:

EXAMPLE

Determine the perpendicular distance between the two
skew lines

r=ry+ta; and r=ry+ tay,
where

rn=9+2k, a=31—-j+k,

ro = —61 — 5j + 10k, ay = —3i+ 2j + 4k.

16



Solution

rg —1; = —61— 14+ 8k

and
1 j k
agxa =3 —1 1|=-61i-15j+ 3k,
-3 2 4
so that

(—6)(=6) + (=14)(=15) + (8)(3)
V36 +225+9

d

270
= —— = V270 = 3v30.
270
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