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UNIT 12.9 - INTEGRATION 9
REDUCTION FORMULAE
INTRODUCTION

For certain integrals, the “integrand” consists of a prod-
uct involving an unspecified integer, say n;
(for example, x"e").

Using integration by parts, it is sometimes possible to
express such an integral in terms of a similar integral
with n replaced by (n — 1) or sometimes (n — 2).

The relationship between the two integrals is called a *“re-
duction formula”.

By repeated application of a reduction formula, the orig-
inal integral may be determined in terms of n.

12.9.1 INDEFINITE INTEGRALS
EXAMPLES

1. Obtain a reduction formula for the integral
I, =] x"e" dx

and, hence, determine I3.



Solution
Using integration by parts with v = 2™ and

g” = e’, we obtain
X

I, =a"€e" — [ e'na"* dz.
That is,

I, =x"e" —nl,_;.
Substituting n = 3,

]3 — x?’ex — 3]2,

where
I, = %" — 214
and
I = ze® — .
But
Iy =/ €" dz = €* + constant.
Thus,

I; = 2°¢" — 3[z”e” — 2 (we” — €")| + constant.
That is,
Iy =¢"[2° — 32" + 62 — 6| + C

where (' is an arbitrary constant.
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2. Obtain a reduction formula for the integral
I, =] x"cosx dx

and, hence, determine Iy and 3.
Solution

Using integration by parts with v = 2™ and

g; = cos x, we obtain

I, =x"sinx — [ sin z.nz" ! dx

1

=z"sinz —n [ 2" sinzx dz.

1

Using integration by parts again, with « = 2" " and

g” = sin x, we obtain
i

I, =2"sinz—n{—2" " cosz + [ cosz.(n—1)2"* dz}.
That is,

I, = 2"sinz +na" 'cosx — n(n — 1)1,_s.
Substituting n = 2,

“sinx + 2x cos x — 21,

]2 =X
where

Iy = [ cosz dz = sinx + constant.



Hence,
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Iy =x“sinx + 2xcosx — 2sinx + C,

where C' is an arbitrary constant.
Also, substituting n = 3,

Ssinx — 3z cosx — 3.2.14,

[3 =X
where
I = /:CCOS:C dx = xsin & + cos x + constant.

Therefore,

3

Iy =a3sing — 32° cosx — 6xsinz — 6cosx + D,

where D is an arbitrary constant.

12.9.2 DEFINITE INTEGRALS
EXAMPLES

1. Obtain a reduction formula for the integral
I, = /01 2"e’ da

and, hence, determine I3.



Solution

From the first example of section 12.9.1,
I, = [az”ex](l) —nl, 1=e—nl,_;.

Substituting n = 3,

Is =¢e — 315,
where

Ih=e—2[
and

I =e— 1.
But

]0:/01 e’ do =e — 1.

Thus,

Is;=e—3e+6e—6e+6=06—2e.
. Obtain a reduction formula for the integral
I,= [ 2"coszdx

and, hence, determine I, and I3.



Solution

From the second example of section 12.9.1,

1

v

o —nn—1)I,

I, = [a:” sinx + nx'™ " cos x]

= —nr" ! —n(n — 1)1,_».
Substituting n = 2,
Iy = =27 — 21,
where
Iy =, cosz dr = [sinz]j =0.
Hence,
Iy = —2m.
Also, substituting n = 3,
I; = —3n% —3.2.14,
where
I = | zcosx do = [rsinz + cos zf = —2.
Therefore,

I; = =312 + 12.



