“JUST THE MATHS”
SLIDES NUMBER
12.10

INTEGRATION 10
(Further reduction formulae)

by

A.J.Hobson

12.10.1 Integer powers of a sine
12.10.2 Integer powers of a cosine

12.10.3 Wallis’s formulae
12.10.4 Combinations of sines and cosines




UNIT 12.10 - INTEGRATION 10
FURTHER REDUCTION FORMULAE
INTRODUCTION

There are two definite integrals which are worthy of spe-
cial consideration.

They are

T T
/02 sin"x dx and /02 cos"x dx.

First, we shall establish the reduction formulae for the
equivalent indefinite integrals.

12.10.1 INTEGER POWERS OF A SINE

Suppose that
I, = [ sin"z dz.

Writing the integrand as the product of two
functions,

I, = [ sin" 'xsinz dz.



Using integration by parts, with

] dv |
r and — =sinx,

. /)’L_
u = sin
dx

I, =sin" 'x(—cosx) + [ (n— 1)sin" “wcos’z dz.

But, cos?z = 1 — sin’zx.
Hence,
I, = —sin" tzcosx + (n— 1)[L,_2 — L.

Thus,

1 - n—1

I, =~ |—sin"wcosx+ (n—1)1,_o|.

n

EXAMPLE

Determine the indefinite integral
[ sin’z da.

Solution

5

Is = [—sin T Ccos T + 514} .

|

2



But

1
= 1 [—singaz cos T + 3]2} :
1 .
]2:2[—81nxcosac+]o]
and
Hence,
1 .
12:2[—sma:cosa:+a:+A];
1 3 3
14:4 —sin3a:cosa:—231na:cosaz+2x+B];
I =
1 5 5. 3 15 . 15
— |—sin xcosx—4sm a:cos:z:—8smxcosx+8x+C]
1. . 5 . 3 D bx

= ——sin"rcosxr— —sin“xrcosxr—-—sinxcosr+—+D.
6 2 16 16



12.10.2 INTEGER POWERS OF A COSINE

Suppose that
I, = | cos"z dz.

Writing the integrand as the product of two
functions,

I, = [ cos" wcosx dx.

Using integration by parts, with

dv
u = cos" 'z and — = cosz,
x

—1 2

I, =cos" 'xsinz + [ (n — 1)cos" *wsin’x du.

2 2

But, sin“c = 1 — cos“z.

Hence,

—1

I, =cos" xsinx + (n— 1)L, o — 1],

or I, = ! cos" !

rsinz + (n —1)1,_o .
n



EXAMPLE

Determine the indefinite integral

[ cos’x dz.
Solution
1 4 .
Is = = [COS rsinT + 413] .
But,
1 5 .
I3 = 3 [COS TsinT + 2[1]
and
I = [ cosz dx =sinz + A.
Hence,
1 9 . .
I3 = 3 [cos rsinx + 2sinx + B} ;
1 4

8
CESiDZC—i—SSiDQZ—I—C}

Is = = costx sinx + 3Cos

TR DU PR BFR
— —COS ITsINX —COs ITsINX —_SINnx .
5 15 15



12.10.3 WALLIS’S FORMULAE

Here, we consider the definite integrals

T T
/02 sin"z dxr and /02 cos"z dx.

Denoting either of these integrals by I,,, the
reduction formula (in both cases) reduces to

In:n—l

I, 9.
n

There are two versions of “Wallis’s formulae”
(a) n is an odd number

Repeated application of the reduction formula gives

_n—ln—Sn—S 6 4
=

I, = . . . 1.
n n—2n-—4 7

2
3

T T
I =J? sinzdx or I) = | cosz du,

both of which have a value of 1.



Therefore,

(n—1)(n—3)(n—>5)....6.4.2

I = nn—2)(n—4)....7.5.3

(b) n is an even number

Repeated application of the reduction formula gives

n—1n—3n-—>5 531
I, = : : R e /1]
n n—2n-—4 642
But
i ™
ly=J? do = 5
Therefore,
, _(n=1n=3)(n-5....531x
" an—2)(n—4)....642 2
EXAMPLES

1. Evaluate the definite integral

T
/02 sinz dz.



Solution
12 8
53 15

s . 5
/02 sinx dx =

2. Evaluate the definite integral

s 4
/02 cos*x dx.

Solution

s 3.1 3
2 costz dr = St
4.22 16

12.10.4 COMBINATIONS OF SINES AND COSINES

Wallis’s formulae may be applied to integrals of the form
/072T sin”'zcos"x dz,

where either m or n (or both) is an even number.

2 2 2 2

We use sin“x = 1 — cos“x or cos“x = 1 — sin“z.

EXAMPLE

Evaluate the definite integral

5

i .
2 cos’xsin’z dz.



Solution

5

s .
/02 cos’zsin’z dx

= /075 cos’x (1 — 0082:1:) dx

— /075 (008533 — COS7QZ‘> dz.

This may be interpreted as

42 543 8 16 8

T 53 642 15 35 105



