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UNIT 16.10 - Z TRANSFORMS 3
THE SOLUTION OF LINEAR DIFFERENCE EQUATIONS

Linear difference equations may be solved by constructing the Z-Transform of both sides of
the equation. The method will be illustrated with linear difference equations of the first and
second orders (with constant coefficients).

16.10.1 FIRST ORDER LINEAR DIFFERENCE QUATIONS

EXAMPLES

1. Solve the linear difference equation,
Upi1 — 2u, = (3)7",

given that ug = 2/5.
Solution

First of all, using the second shifting theorem,

2
Z{up1} = 2. Z{u,} — =

Taking the Z-Transform of the difference equation, we obtain

z

2. Z{u,} — iz —2Z{u,} =

z —

so that, on rearrangement,

2z z
Z{u,} = —. +
tun 5z—2 (z—é)(z—Z)
2z —% %
:5'2—2+Z lz—§+z—2



2. Solve the linear difference equation,

Upt1 + Up = f(n)>

given that
_ /1 whenn=0;
fn) = {0 when n > 0.
and ug = 5.
Solution

First of all, using the second shifting theorem,
Z{ups1} = 2. Z{u,} — 2.5
Taking the Z-Transform of the difference equation, we obtain
2. Z{un} — 52+ Z{u,} =1,
which, on rearrangement, gives

1 5z
_l’_

Z{u,} = .
lund =7+

Hence,

{ }_{5 when n = 0;
Und =\ (=1)" ! 4 5(=1)" = 4(—1)"  when n > 0.



16.10.2 SECOND ORDER LINEAR DIFFERENCE EQUATIONS

EXAMPLES

1. Solve the linear difference equation

Up+2 = Up+1 + Up,

given that ug = 0 and u; = 1.
Solution

First of all, using the second shifting theorem,
Z{ups1} = 2. 2{u, — 2.0 = 2.Z{u, }
and
Z{tnyoy = 22 Z{u,} — 2.1 = 22 Z{u,} — 2.
Taking the Z-Transform of the difference equation, we obtain
2. Z{un} — 2z = 2.Z{u,} + Z{u,},

so that, on rearrangement,

z
b=
which may be written
z
Z nf — )
) = a9

where, from the quadratic formula,

Using partial fractions,

Z{un}:aiﬁl z 2 ]

i—a  z— 16}
Taking the inverse Z-Transform of this function of z gives the solution

1
a—f3

() = {25 e = (o1}



2. Solve the linear difference equation

Upto — TUptq + 10w, = 16n,

given that ug = 6 and u; = 2.
Solution

First of all, using the second shifting theorem,
Z{tpi1} = 2.Z{u,} — 62
and
Z{tup o} = 2% Z{u,} — 62° — 22.

Taking the Z-Transform of the difference equation, we obtain

16z

2 7 {u,y — 627 — 22 — T[2.Z{u,} — 62] + 10Z{u,} = (z—1)2

which, on rearrangement, gives

16
Z{up}[22 — Tz + 10] — 622 + 40z = e _32;
and, hence,
162 622 — 402

Z{u,} =

C-DG-5(-2  (z-5-2)
Using partial fractions, we obtain

4 3 4 d
Z{u,} = z. — :
fun} =2 z—2 z—5+(z—1)2+z—1

The solution of the difference equation is therefore

{u,} ={4(2)" = 3(5)" +4n + 5} .



3. Solve the linear difference equation

Upt2 + 2u, =0

given that ug = 1 and u; = V2.
Solution

First of all, using the second shifting theorem,
Z{tnyo} = 22 Z{un} — 22 — 2V/2.
Taking the Z-Transform of the difference equation, we obtain
2 Z{un} — 2% — 22+ 2Z{u,} = 0,

which, on rearrangement, gives

Z{u}_z2+zx/§zzz+\/§zz z+/2
T2+ 242 T+ VR)( - VD)
Using partial fractions,
_ . V2(1 + ) V2(1 =) _ . (1—J) (1+7)
Ad = L'M(z—jﬁ) ! —jM(zﬂﬁ)] o [%z—jﬂ) ! 2<2+N§>] ’

so that

{un} = {50 DGV + 50+ ) (=5v2) )

= L0 (=)0 + (1 +5)(=)"]}

= {1y [Vae it 0¥ 4 vaot ¥}

= {5

.(2n—1)m .(2n—1)m
el 1 4+ 614} }

[\

= {;(\/5)"“.2 cos (2”_1)”}



16.10.3 EXERCISES

1. Solve the following first-order linear difference equations:
(a)
Btpi1 + 2u, = (—1)",

given that ug = 0;
(b)
Ups1 — Du, = 3(2)",

given that ug = 1;
()

Upt1 + Uy =N,

given that ug = 1;
(d)
Upt1 + 2u, = f(n),

where

(3 when n=0;
f(n):{O when n > 0;

and uy = 2;

onm 1 nmw
un+1—3unzsm7—l—§cos7,

given that ug = 0.
2. Solve the following second-order linear difference equations:
(a)
Upro — 2Upt1 + Uy = 0,

given that ug = 0 and u; = 1;
(b)

Unp42 — du,, = n,

given that ug = 0 and u; = 1;



Upro — SUpt1 — Ju, = 24,

given that uo = 2 and u; = 0;
(d)

6Up1o + DUy — u, = 20,

given that ug = 3 and u; = §;
(e)

Upto + 2Upiq — 15U, = 32 cosnm,

given that ug = 0 and u; = 0;
(f)

Upyo — SUpg1 + 3u, = 5,

given that ug = 5 and u; = 8.

16.10.4 ANSWERS TO EXERCISES

= {(2) -}

{u,} =2(-2)" 4+ 3(-=2)""' when n > 0;

(U} = {i [(3"—\/%05(2”;1)””.



{un} = {n};

= {300 + 3017 - 2}

{un} = {2 +(6) " — 5(_1)n} :

{un} = {2(=1)" + (3)" + (=5)"} ;

{u,} = {5 + (2v3)" cos W} .



