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UNIT 12.8 - INTEGRATION 8
THE TANGENT SUBSTITUTIONS

There are two types of integral, involving sines and cosines, which require a special substi-
tution using a tangent function. They are described as follows:

12.8.1 THE SUBSTITUTION ¢ = tanx

This substitution is used for integrals of the form

[ —
T
a + bsin’x + ccos?x

where a, b and ¢ are constants; though, in most exercises, at least one of these three constants
will be zero.

A simple right-angled triangle will show that, if ¢t = tan z, then

t 1
sint = ——— and cosz = ——.
V1412 V1412
V1412 ;
T 1
Furthermore,
dt 9 9 x 1
ﬁ_secle—i—t so that Ezl—i—tz
EXAMPLES

1. Determine the indefinite integral

1
——— dx.
/ 4 — 3sin’x v



Solution

1
—d
/ 4 — 3sin’z o

1 1
_/ . dt

312 2

4 301+t

1
= dt
[ ive
1 t 1 t
= 5tam_1§ +C = 5tam_l { a;m:} +C.

2. Determine the indefinite integral

1
/ sinx + 9cos2x

Solution

1
/ — dx
sin“x + 9cos2x

1 1
:/ e
142 + 1++¢2

1
- / dt
249
1 t 1 t
= gtan’% +C = gtan’l { a;m} +C.

12.8.2 THE SUBSTITUTION ¢ = tan(z/2)

This substitution is used for integrals of the form

1
/ - dz,
a+bsinx + ccosx

2



where a, b and ¢ are constants; though, in most exercises, one or more of these constants
will be zero.

In order to make the substitution, we make the following observations:
(i)
2tan(z/2) 2tan(z/2)

sinz = 2sin(x/2). cos(r/2) = 2tan(x/2).cos’(x/2) = o2(2/2) = 1+ tan’(2/2)

Hence,

21t
142

sin x

(i)

cosz = cos?(x/2)—sin?(z/2) = cos?(x/2) [1 — tan2(x/2)} 1 —tan*(z/2) _ 1 tan(z/2)

sec?(z/2) 1+ tan?(x/2)

Hence,
1— ¢t
cosxr = )
1+¢t2
(iii)
dt 1 1 1
o= §se02(x/2) =3 [1 —|—tan2(x/2)} = 5[1 +#7].
Hence,
de_ 2
dt 1+ 12
EXAMPLES

1. Determine the indefinite integral

1
/ — dxz
1+sinx



Solution

1
[
1+sinzx

= dt
/1+Hﬁ1+ﬁ

2

= —— dt
1+¢242¢
2
= — dt
/(LHP
2 2
=4 (C=——+C.
1+t+ 1—|—tan(x/2)+
2. Determine the indefinite integral
1
dz.
4cosxr — 3sinx o
Solution
1
- dx
4cosxr — 3sinx
1 2
- 41= 2 1 + ¢2 d

142 1+t2

2 1
/4—4t2—6t 202+ 3t — 2
= dt
/ 2#—1t+m

_/‘ L+2 til}d

tan(x/2) + 2
2tan(z/2) — 1

:;ma+m—m@p4ﬂ+c_;1[ 1+G



12.8.3 EXERCISES

1. Determine the indefinite integral

1
4 4 12cos?x

2. Evaluate the definite integral

I 1
/ —— dx.
0 Hcos?z + 3sin‘x

3. Determine the indefinite integral

1
/ 54+ 3cosx

4. Evaluate the definite integral

3.1 1
/ - dx.
3 12sinxz + bcosx

12.8.4 ANSWERS TO EXERCISES

1.
1 t
Ztaun’1 { a;x} + C.
2.
1 3 i
—tan~! \/7tanx ~ (.1702
{\/1_5 ( 5 )]o
3.
1 t 2
itan’1 [an(;/)] + C.
4.

3.1

113[5 In(5 tan(z/2) + 1) — In(tan(z/2) — 5)]3 ~ 0.348



