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UNIT 12.5 - INTEGRATION 5
INTEGRATION BY PARTS
12.5.1 THE STANDARD FORMULA

The technique to be discussed here provides a convenient method for integrating the product
of two functions. However, it is possible to develop a suitable formula by considering, instead,
the derivative of the product of two functions.

We consider, first, the following comparison:

%[xsmx] =qxcosx +sinx dcic[uv] — udv —l—vd“
TCOST = %[wsinx] —sinx Ug; — ddx[uv] U%

rcost dr =xsinx — [ sinz dz u® dr = uo — vd“dx
dz

=gxsinz +cosx + C

We see that, by labelling the product of two given functions as uj”, we may express the

integral of thls product in terms of another integral which, it is anticipated, will be simpler
than the original.

To summarise, the formula for “integration by parts” is

/ d dx—uv—/v—dx

EXAMPLES

1. Determine

[:/ 231dx

In theory, it does not matter which element of the product z2e3® is labelled as u and
which is labelled as § d“ : but the integral obtained on the right-hand-side of the integration
by parts formula must be simpler than the original.

Solution

In this case we shall take
dU 3x
u=2z> and — = €%,
dx



Hence,

That is,

1 2
I = 53326396 — 5/ xe3® du.

The integral on the right-hand-side still contains the product of two functions and so
we must use integration by parts a second time, setting

dv
- d — =37
U=z an 1 e
Thus,
1 2 3z 3z
I =223 - = xe— — 6—.1 dz| .
3 3 3 3

The integration may now be completed to obtain

1 2 2
I = §1,263z o 7$63x+763x+0’

9 27
or
I= S 05 — 649+ C
. Determine
I = / rinz dz.
Solution
In this case, we cannot effectively choose % = Inx since we would need to know the

integral of Inz in order to find v. Hence, we choose

d
u=1Inx and —U:x,

d

obtaining



2 2

1
I= (lnx)x— —/ T2 da
2 2 x
That is,
1
1= §$21nx—/ g dz,
giving
1 2
I = §x21nx—%+0.
. Determine
I :/ Inz da.
Solution

It is possible to regard this as an integration by parts problem if we set

v
=1 d —=1.
u=Inz an P

We obtain
1
[:azln:z:—/ r.— dz,
x
giving
I=xlnx—x+C.

. Evaluate )
I = / sin"'z dz.
0

Solution

In a similar way to the previous example, it is possible to regard this as an integration
by parts problem if we set

dv
1
d —=1.
T an o

u = sin~



We obtain

1
I = [xsin™'z]} —/0 xﬁ dz.
That is,
[ = [zsin 'z + V1 — 22|} = g — 1.
. Determine
1 :/ e* cosx dz.
Solution

In this example, it makes little difference whether we choose ¢?* or cosz to be u; but
we shall set

dv
uw=e** and — = cosz
dzx
Hence,
I =e*sing —/ (sin z).2e** du.
That is,

]:e%sinx—Z/ e sinx dx.

Now we need to integrate by parts again, setting

_ 2z dU I
u=e* and — =sinz.
dx

Therefore,
I =e**sing —2 [—e% cosx — / (— cosx).2e*" d:c] :
In other words, the original integral has appeared again on the right hand side to give
I =e*sine —2 [—621 cos T + 2[} .

4



On simplification,
5] = e**sinz + 2e*® cos z,

so that

1
I= ge%[sin:v +2cosx] + C.

Note:

The above examples suggest a priority order for choosing u in a typical integration by parts
problem. For example, if the product to be integrated contains a logarithm or an inverse
function, then we must choose the logarithm or the inverse function as wu; but if there are
powers of x without logarithms or inverse functions, then we choose the power of x to be w.

The order of priorities is as follows:

1. LOGARITHMS or INVERSE FUNCTIONS;
2. POWERS OF z;
3. POWERS OF e.

12.5.2 EXERCISES

1. Use integration by parts to evaluate the definite integral

1
/ 22e% dx.
0

2. Use integration by parts to integrate the following functions with respect to x:
(a)

x? cos 2;

(b)

z°Inx;

tan_lx;



(d)

rtan"'z.

3. Use integration by parts to evaluate the definite integral

s
/ e %% sin 3z dux.
0

12.5.3 ANSWERS TO EXERCISES

1.
e* s 2 b 2
[8(4@« — 62 + 6z — 3)10 =3 (¢*+3) ~1.299
2. (a)
Lo :
Z[ZB sin 2x 4 2z cos 2x — sin 2z] + C;
(b)
6
%[GIDx— 1]+ C;
()
-1 1 2
xtan :17—§1n(1+x )+ C,
(d)
Lo -1
5[95 tan” z —x + tan x| + C.
3.
—2z ) ™ 3 i
13 (3cos3x —2sin3x)| = —1—3(6 +1) ~ —0.231

0



